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M
O

T
IVA

T
IO

N

•
T

he
expected

utility
theory

leads
to

m
any

paradoxes.

•
D

ata
suggests

thathum
ans

and
anim

als
often

violate
principles

of

the
rationalchoice

(A
llais,1953;E

llsberg,1961;M
yers,F

ort,

K
atz,&

S
uydam

,1963;T
versky

&
K

ahnem
an,1981).

•
M

any
A

Isystem
s

and
cognitive

architectures
(e.g.

A
C

T–
R

,

A
nderson

&
Lebiere,1998)

use
the

E{u}
.

•
N

oise
seem

s
to

play
an

im
portantrole

optim
ising

the
behaviour

(B
elavkin

&
R

itter,2003)
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T
H

E
E

X
P

E
C

T
E

D
U

T
IL

IT
Y

T
H

E
O

R
Y

T
he

classicaldecision–m
aking

theory
is

due
to

P
ascaland

F
erm

at,

B
ernoulli(1738/1954),von

N
eum

ann
and

M
orgenstern

(1944),

S
avage

(1954)
and

A
nscom

be
and

A
um

ann
(1963).

1.
R

epresentpreferences
by

som
e

utility
function

u
:
X

→

�

x�
y

⇐⇒
u(x)

>
u(y)

,

2.
U

nder
uncertainty,the

expected
utilities

(E{u}
)

are
considered

(due
to

P
ascaland

F
erm

at):

p�
q

⇐⇒
∑z∈

Z

p(z)
u(z)

> ∑z∈
Z

q(z)
u(z)

,

w
here

Z
is

a
setofprizes,P

a
setofprobability

m
easures.
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D
E

C
IS

IO
N

M
A

K
IN

G
IN

A
C

T–R

In
A

C
T–

R
(A

nderson
&

Lebiere,1998),the
choice

betw
een

several

alternative
decisions

(i.e.
rules)

is
im

plem
ented

by
the

conflict

resolution
m

echanism
.

A
rule

w
ith

the
highestutility

is
selected:

i
=

arg
m

ax
U

i ,w
here

U
i
=

P
i G

−
C

i +
noise(s)

ru
le’s

p
ro

p
erties

:

P
i

–
probability

ofsuccess

C
i

–
cost(e.g.

tim
e)

g
lo

b
alp

aram
eters

(co
n

stan
ts)

:

G
–

goalvalue

s
–

controls
noise

variance
σ

2

D
istributions of U

tilities,  G
 =

 20,  s =
 1.02

0
20

U
 =

 P
G

 - C

P
(U

)

R
ule 1: P = .5, C

 =  5
R

ule 2: P = .9, C
 = 10
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A
C

T–R
A

N
D

E
X

P
E

C
T

E
D

U
T

IL
IT

Y

•
F

or
each

decision,tw
o

outcom
es:

S
uccess∨

Failure

•
LetU

s
=

U
(S

uccess)
and

U
f

=
U

(Failure).
T

hen

E{U}
=

P
sU

s
+

P
f
U

f

=
P

sU
s
+

(1−
P

s)U
f

=
P

s(U
s−

U
f)

+
U

f

•
IfG

=
U

s−
U

f
and

U
f

=
−

C
,then

E{U}
=

P
G

−
C

•
A

C
T–

R
uses

the
expected

utility
and

therefore
is

prone
to

allthe

paradoxes.
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T
H

E
R

A
T

IO
N

A
L

D
O

N
K

E
Y

PA
R

A
D

O
X

?

↙
↘

H
aystack

A
H

aystack
B

•
m

ax
E

U
fails

ifthere
is

no
unique

m
ax

(use
a

roulette
w

heel).

•
H

um
an

subjects
and

anim
als

alw
ays

retain
som

e
degree

of

random
ness

(e.g.
M

yers
etal.,1963).

•
A

C
T–

R
uses

noise
(:
e
g
s

)
to

m
odelthis.
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T
H

E
A

L
L

A
IS

PA
R

A
D

O
X

D
ue

to
A

llais
(1953).

C
onsider

tw
o

lotteries
A

and
B

�
�

�
�

�
���

�
�

�
�

�
� ��

$0 $300

23 13

A
�

�
�

�
�

���

�
�

�
�

�
� ��

$0 $100

0 1

B

13 ·$300
+

23 ·$0
=

$100
1·$100

+
0·$0

=
$100

A
bout80%

ofsubjects
prefer

A
≺

B
.
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T
H

E
A

L
L

A
IS

PA
R

A
D

O
X

(L
O

S
S

E
S

)

W
hen

the
gains

are
changed

to
losses,the

preferences
reverse

�
�

�
�

�
���

�
�

�
�

�
� ��

-$300

$0

13 23

C
�

�
�

�
�

���

�
�

�
�

�
� ��

-$100

$0

1 0

D

23 ·0−
13 ·$300

=
−

$100
0·$−

1·$100
=

−
$100

A
bout80%

ofsubjects
express

preference
C

�
D

C
onfirm

ed
in

m
any

studies
(e.g.

T
versky

&
K

ahnem
an,1981)

P
rofessionaltraders

behave
this

w
ay

too
(List&

H
aigh,2005).
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T
H

E
E

L
L

S
B

E
R

G
PA

R
A

D
O

X

D
ue

to
E

llsberg
(1961).

C
onsider

tw
o

lotteries
A

and
B

,and

probabilities
ofoutcom

es
for

A
are

given

�
�

�
�

�
���

�
�

�
�

�
� ��

$0 $100

12 12

A
�

�
�

�
�

���

�
�

�
�

�
� ��

$0 $100

(0,1)

(1,0)

B

E
U

(A
)

=
$50

E
U

(B
)

=
$50

A
�

B
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IS
S

U
E

S
TO

C
O

N
S

ID
E

R

D
ecision–m

aking
under

uncertainty
is

estim
ation

ofutilities
(sam

pling

or
sensing)

and
then

choosing
based

on
the

highestestim
ate.

•
M

any
paradoxes

occur
w

hen
E{u}

is
used

to
estim

ate
future

utility
based

on
som

e
p(u).

•
Is

E{}
the

optim
alestim

ator
ofutility?

•
A

re
the

lottery
problem

s
good

exam
ples

ofestim
ation

(regression)

problem
s?

•
S

hould
w

e
use

su
b

sym
b

o
lic

or
sym

b
o

lic
m

echanism
s

to
build

m
odels

ofthe
paradoxes

(e.g.
quantitative

vs
qualitative)?
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W
H

A
T

IS
T

H
E

B
E

S
T

E
S

T
IM

A
T

IO
N

O
F

U
T

IL
IT

Y
?

x
unobservable

random
(e.g.

future
utility)

y
observable

(e.g.
pastutilities)

•
E

stim
ation

ofx
through

y
is

finding
som

e
regression

function

x≈
g(y)

x
=

g(y)
+

C
(x

,y)

•
IfC

(x
,y)

=
(x−

y)
2,then

optim
alg(y)

=
E{x|

y}
•

IfC
(x

,y)
=

1−
δ

yx
(i.e.

success
ify

=
x

,failure
otherw

ise),

then
optim

alg(y)
=

arg
x

m
ax

p(y|
x)≡

m
ax

L
(x

,y)
(m

axim
um

likelihood
estim

ate).
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M
A

X
L

IK
E

L
IH

O
O

D
vs.

E
X

P
E

C
T

E
D

VA
L

U
E

•
O

ften
(e.g.

for
non–G

aussian)arg
m

ax
p(y|

x)�=
E{x|

y}
N

orm
al

E
{u}

U
tility U

(z)

P
(u)

B
im

odal

E
{u}

U
tility U

(z)

P
(u)

•
Indeed,the

M
LE

s
oflotteries

A
and

B
are

$0
<

$100
.

•
S

im
ilarly,the

M
LE

s
oflotteries

C
and

D
are

$0
>

−
$100

A
≺

B
,

C
�

D
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E
X

P
L

O
R

A
T

IO
N

vs
E

X
P

L
O

ITA
T

IO
N

T
he

quality
of

estim
ation

depends

on
inform

ation
about

the
utility

in

P
(u).

W
hat

is
the

best
sam

pling

strategy?

U
tility distributions

E
{u}

E
*{u}

U
tility U

(z)

P
(u)

O
bjective

S
ubjective

•
E

xploration
w

ith
m

axim
um

in-

form
ation

I(u)
=

−
log

p(u)∼
1

p(u)

•
T

his
contradicts

exploitation

arg
m

ax
p(u)

E
xploration vs E

xploitation

0.0
0.5

1.0

0 1 2

P

F
(P

)
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R
A

N
D

O
M

E
S

T
IM

A
T

IO
N

•
Instead

ofx≈ ∑
y
p(y)y

or
M

LE
,w

e
can

use
p(x|

y)
to

draw

random
estim

ates
ofx

(i.e.
M

onte–C
arlo

sim
ulation).

•
IfF

(y)
is

the
distribution

function
for

p(y)
(P

D
F

),then
sam

pling

can
be

done
using

the
inverse

P
D

F
m

ethod:

x≈
F

−
1(p)

,
w

here
p∈

(0,1)

•
A

sym
ptotically,this

estim
ation

is
sim

ilar
to

both
M

LE
and

E{x}
.

•
G

iven
P

(u),decisions
can

be
m

ade
based

on
the

largestrandom

estim
ates

ofutility.



R
om

an
B

elavkin,M
iddlesex

U
niversity,A

pril8,2006
14

R
A

N
D

O
M

U
T

IL
IT

Y
IN

A
C

T–R

E
ach

rule
i

has
a

history
ofsuccesses

and
failures

P
i (O

utcom
e).

F
or

a
setofconflicting

rules,the
follow

ing
schem

e
is

used
to

generate

random
utilities

U
i

P
i (O

utcom
e)

→
S

uccess∨
Failure

U
i

=
U

si ∨
U

fi

=
G

+
U

fi ∨
U

fi

=
G

−
C

i ∨
−

C
i

w
here

C
i

is
the

cost.
W

e
can

also
use

G
am

m
a

noise

U
i
=

G
−

G
am

m
a(θ

i )∨
−

G
am

m
a(θ

i )
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IN
V

E
R

S
E

P
D

F
(A

an
d

B
)

P
D

F
 L

ottery A

$0
$300

0 1

U

F
(U

)
P

D
F

 L
ottery B

$0
$100

0 1

U

F
(U

)

U
tility

=
F

−
1(P

)

R
U

A
<

R
U

B
2

out
of

3
tim

es,
w

hich

supports
experim

entalevidence

A
≺

B

U
tility A

 and B

0
1/3

2/3
1

$0

$100

$200

$300

P
robability

U
tility
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IN
V

E
R

S
E

P
D

F
(C

an
d

D
)

P
D

F
 L

ottery C

-$300
$0

0 1

U

F
(U

)
P

D
F

 L
ottery D

-$100
$0

0 1

U

F
(U

)

U
tility

=
F

−
1(P

)

R
U

C
>

R
U

D
2

out
of

3
tim

es.
A

gain,

corresponds
to

experim
entalresults

C
�

D

U
tility C

 and D

0
1/3

2/3
1

-$300

-$300

-$100 $0

P
robability

U
tility
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M
O

D
E

L
R

E
S

U
LT

S
(T

H
E

A
L

L
A

IS
PA

R
A

D
O

X
)

A
B

C
D

0%

100%

L
otteries

P
reference

 A
C

T
-R

 A
C

T
-R

 +
 R

and U
tility 
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T
H

E
E

F
F

E
C

T
O

F
P

R
O

B
A

B
IL

IT
Y

P
(A

)
A

B
A

≺
B

1/3
$600

$200
28%

(T
versky

&
K

ahnem
an,1981)

1/4
$1000

$240
16%

(T
versky

&
K

ahnem
an,1981)

1/4
$1000

$240
38%

(List&
H

aigh,2005)

•
In

the
lottery

task,P
ofuncertain

prize
does

notseem
to

have

consistenteffecton
%

ofsubjects
preferring

it.

•
P

robabilities
are

given,no
sam

pling
allow

ed.

•
C

ould
qualitative

decision–m
aking

be
used

to
m

odelthe
task

sym
bolically?
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T
H

E
L

O
G

IC
O

F
C

H
O

IC
E

∼
indifference

(any
can

be
chosen)

�
preference

(the
preferred

is
chosen)

O
bjectA

O
bjectB

attribute
1

�
attribute

1

attribute
2

≺
attribute

2

...
...

attribute
n

∼
attribute

n

C
om

bining
preferences

�
and≺

=
∼

=
�

or≺
C

om
bination

of�
or∼

=
3/4

chance
ofchoosing

A
.
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Q
U

A
L

ITA
T

IV
E

C
H

O
IC

E
M

O
D

E
L

(S
Y

M
B

O
L

IC
)

In
A

C
T–

R
,can

be
im

plem
ented

atleastin
tw

o
w

ays

•
U

sing
parallelrules

for
each

attribute

(
p
A

o
r
B
,
a
t
t
r
i
b
u
t
e
1
A

�
B
=
=
>
c
h
o
o
s
e
A
)

...

(
p
A

o
r
B
,
a
t
t
r
i
b
u
t
e
n
A

≺
B
=
=
>
c
h
o
o
s
e
B
)

•
U

sing
O

A
V

triplets
(e.g.

A
g
a
i
n
b
e
t
t
e
r

)
and

rules
such

as

(
p
A
o
r
B
,
=
o
a
v
A
b
e
t
t
e
r
=
=
>
c
h
o
o
s
e
A
)

...

(
p
A
o
r
B
,
=
o
a
v
B
b
e
t
t
e
r
=
=
>
c
h
o
o
s
e
B
)
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C
H

O
O

S
IN

G
L

O
T

T
E

R
IE

S
Q

U
A

L
ITA

T
IV

E
LY

A
ttribute:

A
B

C
D

U
s

$300
�

$100
$0

∼
$0

P
s

1/3
≺

1
1/3

�
0

U
f

$0
∼

$0
-$300

≺
-$100

P
f

2/3
≺

0
2/3

�
1

U
nion

≺
�

M
oreover,the

chance
ofchoosing

A
is

P
(A

)
=

14 × (
1

+
0

+
12

+
0 )

=
38
≈

38%
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O
T

H
E

R
O

B
S

E
R

VA
T

IO
N

S

•
C

an
m

odelthe
E

llsberg
paradox:

Ifone
prefers

certainty,then

A
�

B
follow

s.

•
S

ym
bolic

m
odelcan

be
im

proved
to

take
into

accountother

effects
ofchoosing

(e.g.
how

m
any

attributes
are

considered,how

long
does

ittake
to

choose.
etc).

•
H

ow
to

encode
realvalues,such

as
P

=
0.1

,0.2
?

B
oth

sm
allor

one
larger

than
another?

C
an

explain
the

violations
ofthe

in
d

ep
en

d
en

ce
axio

m
(A

llais,1953).
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C
O

N
C

L
U

S
IO

N
S

•
T

he
E{u}

theory
does

notprovide
the

optim
aldecision–m

aking

strategy
(B

elavkin,2005).

•
T

he
M

LE
and

the
random

utility
estim

ation
ofutility

can
explain

som
e

data
contradicting

the
E{u}

theory.

•
Q

ualitative
reasoning

be
used

to
m

ake
choice,and

sym
bolic

m
odels

can
also

explain
the

data.

•
S

ubsym
bolic

m
echanism

s
m

ay
be

better
for

m
odelling

tasks

w
here

som
e

statistics
has

to
be

learnt(e.g.
trials

and
errors).

•
S

ym
bolic

m
odels

m
ay

also
(and

perhaps
better)

representthe

decision–m
aking

in
the

lottery
task.
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T
H

E
O

R
IG

IN
S

O
F

T
H

E
E

X
P

E
C

T
E

D
U

T
IL

IT
Y

T
H

E
O

R
Y

•
B

laise
P

ascaland
F

erm
atused

E{}
to

solve
severalproblem

s

(e.g.
rolling

a
dice,etc).

•
P

ascalalso
proposed

to
use

E{u}
to

argue
thata
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cole

am
ericaine.

E
conom

etrica,21,503–546.

A
nderson,J.R

.,&
Lebiere,C

.
(1998).

T
he

atom
ic

com
ponents

of

thought.
M

ahw
ah,N

J:Law
rence

E
rlbaum

.

A
nscom

be,F.J.,&
A

um
ann,R

.J.
(1963).

A
definition

ofsubjective

probability.
A

nnals
ofM

athem
aticalS

tatistics,34,199–205.

B
elavkin,R

.V.
(2005,D

ecem
ber).

A
cting

irrationally
to

im
prove

perform
ance

in
stochastic

w
orlds.

In
M

.B
ram

er,F.C
oenen,&

T.A
llen

(E
ds.),P

roceedings
ofA

I–2005,the
25th

S
G

A
I

InternationalC
onference

on
Innovative

T
echniques

and



R
om

an
B

elavkin,M
iddlesex

U
niversity,A

pril8,2006
26

A
pplications

ofA
rtificialIntelligence

(V
ol.X

X
II,pp.305–316).

C
am

bridge:
S

pringer.
(IS

B
N

1-84628-225-X
)

B
elavkin,R

.V.,&
R

itter,F.E
.

(2003,A
pril).

T
he

use
ofentropy

for

analysis
and

controlofcognitive
m

odels.
In

F.D
etje,D

.D
örner,

&
H

.S
chaub

(E
ds.),P

roceedings
ofthe

F
ifth

International

C
onference

on
C

ognitive
M

odelling
(pp.21–26).

B
am

berg,

G
erm

any:
U

niversitäts–V
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