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Abstract. In this paper, we propose compositional separation logic with
tree predicates (CSLTP), where properties such as sortedness and height-
balancedness of complex data structures (for instance, AVL trees and
red-black trees) can be fully specified. We show that the satisfiability
problem of CSLTP is decidable. The main technical ingredient of the
decision procedure is to compute the least fixed point of a class of induc-
tively defined predicates that are non-linear and involve dense-order and
difference-bound constraints, which are of independent interests.

1 Introduction

Program verification requires reasoning about complex, size-unbounded data
structures that may carry data ranging over an infinite domain. Examples include
multi-linked lists, nested lists, trees, etc. Programs manipulating these data struc-
tures may modify their shape as well as the data attached to their elements. Sep-
aration Logic (SL) is a well-established approach for deductive verification of pro-
grams that manipulate dynamic data structures [22,30]. Typically, SL is defined
in combination with inductive definitions (SLID in short), which supports user-
defined specifications of the data structures manipulated by a program.
Satisfiability is arguably one of the most fundamental questions for logic, and
has certainly been a main focus in the study of SL. The satisfiability of SLID with
data constraints is evidently undecidable in their most general forms. However,
it is important—both in theory and practice—to identify subclasses which are
sufficiently expressive while still being decidable. Within this context, our pre-
vious work [14] gave complete decision procedures for both the satisfiability and
the entailment problem of linearly compositional SLID. This fragment is able
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to specify typical shape properties and data/size constraints of data structures,
but is restricted to linear ones such as singly and doubly linked lists.

An obvious question left over is to handle non-linear structures such as trees.
Notice that most tree-shaped data structures in programming require data/size
constraints of one or another. They together, however, impose great challenges.
For satisfiability, the main difficulty roots at the computation of the least fixed
point of the inductively defined predicates derived from SL formulae. These
predicates are non-linear, meaning that the defined predicate may occur more
than once in the body of the inductive rule. They may also involve data/size
constraints to capture, for instance, sortedness and height-balancedness of trees.

Contributions. We define CSLTP, a compositional fragment of SL with tree pred-
icates, where typical tree structures involving data and size constraints (e.g.,
binary search trees, AVL trees, and red-black trees) can be expressed. The basic
rationale of CSLTP is to focus on the compositional predicates introduced in
[12,13] while restricting to dense-order data constraints and difference-bound
size constraints. We remark that compositionality is vital for (deductive) pro-
gram verification without which the entailment checking, an indispensable pro-
cedure for checking assertions in the style of Hoare logic, would otherwise be
exceedingly difficult. (The price is that, instead of trees, one has to consider
trees with one hole to guarantee the compositionality; cf. Sect.3.) Our main
contribution is summarised as follows:

(i) We provide algorithms to compute the least fixed point of the inductively
defined predicates involving data/size constraints derived from CSLTP for-
mulae (see Theorem 2). To this end, we employ a wide range of techniques
from closed-form evaluation of Datalog programs with integer gap-order
constraints [28], computation of reachability sets of alternating one-counter
systems [4], and the decision procedure for the reachability problem of one-
counter automata [15]. In addition, we show that computation of the least
fixed point of the inductively defined predicates beyond CSLTP may be dif-
ficult in general. More specifically, we prove that, for the predicate corre-
sponding to AVL trees with one hole where all parameters are of the natural
number type, its least fixed point is inexpressible in Presburger arithmetic
(see Theorem 1).

(ii) We propose a complete decision procedure for the satisfiability problem of
CSLTP. Namely, from each CSLTP formula ¢ we define Abs(p) as an abstrac-
tion of ¢ such that ¢ and Abs(y) are equisatisfiable. Roughly speaking,
Abs(p) introduces Boolean variables to encode the spatial part of ¢ and
encompasses computed least fixed points from (i) to address the data and
size constraints. We then can resort to the state-of-the-art SMT solvers (e.g.,
73 [34]). We remark that most decision procedures for satisfiability of SL
with inductive definitions and data/size constraints are incomplete (see the
related work for more details).

Satisfiability checking serves as a cornerstone towards a complete procedure
for entailment checking, which requires a separate paper to solve. It can also be
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widely used in, e.g., consistency checking of specifications written in SL, symbolic
execution of programs manipulating dynamic data structures (see [2,20]), etc.
Related work. For SLID without data constraints, [6] provides a complete decision
procedure, setting the satisfiability problem (almost) completely. We also men-
tion some earlier results [2,17] which focus on the symbolic heap fragments for
list segments and binary trees, providing complete proof systems. [12] proposes
a compositional fragment of SLID equipped with an incomplete decision proce-
dure. In addition, [18,19] provide complete decision procedures for the entailment
problem of SLID (without data/size constraints) by reducing to the language
inclusion problem of tree automata.

Towards adding data/size constraints, [29] presents a complete decision pro-
cedure for the quantifier-free fragment of SL (without inductive definitions) inter-
preted over heaplets with data elements ranging over a parametric multi-sorted
(possibly infinite) domain. For SLID with data constraints, [8] provides an incom-
plete decision procedure based on invariants of inductive definitions. These invari-
ants are essentially the fixed points of the inductively defined predicates involv-
ing data/size constraints, and are supposed to be provided by the users. [3] spec-
ifies the data/size constraints by universal quantifiers over the index variables
(and thus is able to express set/multiset constraints), but restricts to the singly
linked lists only. [23,27] reduces the entailment problem of SLID with data/size
constraints to the satisfiability problem in the theory of uninterpreted functions,
though the procedure therein is incomplete and not fully automatic since it relies
on the users to provide lemmas. [24-26] encode SLID into a fragment of first-order
logic with reachability predicates (whose satisfiability is decidable in NP). How-
ever, this fragment cannot accommodate the size or multiset constraints. More
recently, [20] considers the data constraints expressible in Presburger arithmetic.
The decision procedure therein is based on cyclic proofs [5,9] and is incomplete in
general and is complete for a syntactic fragment defined with a specialized well-
founded notion, which is incomparable to CSLTP.

With respect to data/size constraints, [33] is closest to our work, where the
data/size constraints are expressed in Presburger arithmetic, and a complete
decision procedure is given for the satisfiability problem. CSLTP differs from
the fragment in [33] in both the shape properties and the data/size constraints:
1) For the shape properties, CSLTP addresses trees with one hole (which is crucial
for the compositionality), while [33] does not. 2) For the data/size constraints,
the class of data constraints in [33] is incomparable to that of CSLTP: On the
one hand, CSLTP allows only one integer parameter, while [33] may have mul-
tiple ones, although there must be a dominating one. On the other hand, the
order constraints (e.g. sortedness), which require comparing different data para-
meters and are covered by CSLTP, are inexpressible in [33]. In addition, even
when restricted to size constraints, CSLTP goes beyond the fragment in [33].
For instance, the height-balancedness of red-black trees can be easily expressed
in CSLTP, whereas it is inexpressible in [33]. This is because the inductive def-
inition in [33] essentially allows only one inductive rule, with the aid of the
max and min functions and (a form of) disjunctions in the data/size constraint.
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Nevertheless, the height-balancedness of red-black trees requires multiple induc-
tive rules to specify, even when max, min and disjunctions are present in the
data/size constraint. Furthermore, we employ an automata-theoretic approach
to compute the least fixed point of data predicates, which is quite different from
the arguments ([33]) which are purely based on induction.

There are methods outside of the SL framework to tackle verification of tree
structures and data constraints. Some of them are based on different extensions
of tree automata, such as forest automata [1], tree automata with size constraints
[16], ree automata with height constraints [11], and visibly tree automata with
memory and constraints [10]. Interestingly, our approach to compute the least
fixed point of data predicates is partially inspired by this line of work, especially
[16]. Even further, [21] takes a logic-based approach to verify balanced trees.
Finally, [31] proposes practical approaches for solving Horn-clause constraints,
which are related to, albeit easier than, computing the least fixed point of data
predicates in this paper. The method therein is based on the construction of
disjunctive interpolants, which are used within an abstraction-refinement loop.
The method therein is incomplete in general.

2 Preliminaries

Throughout the paper, Z and N denote the set of integers and natural numbers
respectively. For each n € N, [n] := {1,...,n}. For each vector & = (ay, ..., a,),
|| denotes the length of a¢ (i.e. n) and «(i) denotes a; for i € [n].

Definition 1 (A1CS and N1CS). An alternating one-counter system (A1CS)
is a pair A = (Q, ©), where Q is a finite set of states, and @ C Q x 2(nst*Q) s ¢
finite set of transition rules, where Inst = {0 n,+n, —n, reset(n)} with o € {=, <,
>} and n € N. A transition (p,{(41,q1), -, Uk, qr)}) € O is usually written
as p — {(¢1,q1), -, (Lk,qr)} for readability. A nondeterministic one-counter
system (N1CS) is an A1CS where for each p — {(¢1,q1), -+, (lk,qr)}, k = 1.

A configuration of an A1CS A is (p,n) where p € Q and n € N is the value of
the counter. The transition rules induce a transition relation on configurations in
an expected way: for p — {(¢1,q1), -+, (lk, qr)} € O, we have a hyper-transition
(p,n) = {(q1,m1),- -+, (qr,np)} if for each 1 < i < k, (1) ¢; = o n’ implies that
non' andn; = n, (2) ¢; = +n' implies that n; = n+n’, (3) ¢; = —n' implies that
n—mn'>0and n; =n—n', and (4) ¢; = reset(n’) implies that n; = n/. In this
case, we say that (p,n) is the immediate predecessor of {(q1,mn1),- -, (qx, )}

A computation tree of A is a directed tree whose nodes are labelled by con-
figurations, and where every node is either a leaf or an internal node which is
labelled by a configuration ¢ and has k children labelled by c1,..., ¢, respec-
tively, satisfying that ¢ — {¢1,..., ¢k} is a hyper-transition of .A. We define the
reachability relation = 4 as ¢ = 4 C if there exists a computation tree such that
c labels the root and C is the set of labels of the leaves. If ¢ = 4 C, then we say
that C is reachable from ¢ in A. For ¢ € @) and a set of configurations C', we use
Pre’y (¢, C) to denote the set of n € N such that (¢,n) =4 C’ for some C’ C C.
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The transition relation for an N1CS can be defined similarly, and is simpler
in that the computation tree degenerates to a single path of configurations.

Proposition 1 ([4,7,15,32]). The following facts hold for A1CS and N1CS.

1. Let A= (Q,0) be an A1CS, q € Q be a state, C be a finite set of configu-
rations of A. Then a quantifier-free Presburger formula ¢q.c(x) in disjunc-
tive normal form can be computed in doubly exponential time to represent
Pre’(q,C). In addition, if the constants in A and C are encoded in unary,
then the computation is in exponential time.

2. Let A=(Q,0) be an N1CS, and p,q € Q. Then a quantifier-free Presburger
formula @, 4(x,y) can be computed in triply exponential time to represent the
relation {(m,n) € N2 | (p,m) =4 (g,n)}. In addition, if the constants in A
are encoded in unary, then the computation is in doubly exponential time.

3 Compositional Separation Logic with Tree Predicates

In this section, we introduce the compositional separation logic with tree pred-
icates, denoted by CSLTP[P], where P is an inductive predicate. We consider
three data types, i.e., location type L, value type D, and size type N. Intu-
itively, D represents the data values stored in the nodes of tree structures, and
N represents the size of tree structures (e.g. height of trees), which we assume
to be natural numbers. As a convention, we use [,’, - -+ € L to denote locations,
d,d',--- € D to denote values, and n,n/,--- € N to denote sizes. Accordingly,
variables in CSLTP[P] comprise location variables LVars ranged over by upper-
case letters E, F, X,Y,---, value variables DVars ranged over by x,y,---, and
size variables 1Vars ranged over by h,i,j,---.

We consider two kinds of fields, i.e., location fields from F and data fields
from D. Each field f € F (resp. 0 € D) is associated with IL (resp. D). We assume
D is an ordered, countably infinite, dense set. That is, D is equipped with < such
that for each d < d’ € D, d” € D exists with d < d” < d’. Examples of D include
the set of rationals with the natural order relation, and the set of strings with the
lexicographical order relation. Note that any arithmetic over D is disregarded.

CSLTP[P] formulae may contain tree predicates, each of which is of the form
P(E,a; F,3) and has an associated inductive definition. The parameters of a
tree predicate are classified into two groups: source parameters E,a and des-
tination parameters F, (3. We require that the source parameters F,a and the
destination parameters F, (3 are matched in types, namely, F and F are of the
location type, and two tuples «,3 have the same length ¢ > 0 and for each
1:1 <7< ¥, both a; and 3; have the natural number type or the value type. The
parameters E, F' are called the location parameters of P and a, B are called the
data parameters of P. Intuitively, a tree predicate P(E, a; F,3) defines binary
trees with one hole and data constraints.

The CSLTP[P] formulae comprise three types of formulae: pure formulae IT,
data formulae A, and spatial formulae X, which are defined as follows,
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II:=E=F|E#F|IINII (pure formulae)
A= Ap A Ax (data formulae)
Ap i=true|zod|zoa' | ApAAp (value formulae)
Ayu=true|hon|hoh' +n|AxA Ay (size formulae)
Yu=emp|E—p|PE,o;FpB)| X*xX (spatial formulae)
p = pf,pd (field-variable sequences)
or == (f, X) | pr, pr (location field-variable sequences)
pd = (0,2) | pd, pd (data field-variable sequences)

where 0 € {=,<,>,<, 2}, f € F, and ? € D. For spatial formulae X, formulae
of the form emp, E — p, or P(E, «a; F, 3) are called spatial atomns. In particular,
formulae of the form F +— p and P(E,a; F,3) are called points-to atoms and
predicate atoms respectively.

A tree predicate P (with one hole) is defined by one base rule, and at least
one inductive rule of the form Ry or Rs:

— base rule Ry: P(E,o; F,3):: = E=F Ao = 3 A enp,

— left-hole inductive rule Ry:
P(E,o; F,3) :: =3X3Y3x3dh. ANE — ((left, X), (right,Y), pqg)*
P(X,68;F,3) * P(Y,v;nil, €),
where A is a data formula and py is a data field-variable sequence.

— right-hole inductive rule Rs:
P(E,o; F,8) :: =3X3Y3x3h. ANE — ((1eft, X), (right,Y), pq)*
P(X,v;nile) x P(Y,6; F, 3),
where A is a data formula and pq is a data field-variable sequence.

The left-hand (resp. right-hand) side of a rule is called the head (resp. body)
of the rule. We note that the bodies of R; and R do not contain pure formulae.

In the sequel, we specify some constraints on the inductive rules.

The first constraint C1 guarantees that P(F, a; F, 3) enjoys the composition
lemma P(E7, aq; Ea, ) P(Es, ae; B3, ai3) = P(E1, a1 B3, aez), which is vital
for compositionality (cf. [13]). Note that the destination parameter F' does not
occur elsewhere in the body of the inductive rules by definition, since X,Y are
two existentially quantified location variables.

C1 Variables from @3 do not occur elsewhere in the body of the inductive rules.

The second constraint C2 forbids the repeated occurrences of the variables
in 7, d and requires that no existentially quantified variables occur in the static
parameters €.

C2 v,0 CaUzxzUhUDUN, each variable occurs at most once in « (resp. d),
and e CaUDUN.

The third constraint C3 forbids the situation that an existentially quantified
variable occurs only in A, but not in spatial atoms.

C3 All existentially quantified variables @, h occur in some spatial atom.

The fourth constraint C4 is to avoid the difficulty of dealing with inductive

predicates with more than one size source parameter (cf. Theorem 1).
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C4 o contains at most one parameter of the size type, in addition, if a () is of
size type, then it must hold that, (i) d(i),~(¢) € h and €(i) € N, and (ii) the
size-formula part of A is of the form (i) = §(i)+nA Ay or a(i) = (i) +nA Ay
such that a(i) does not occur in Ay.

For a tree predicate P, let Flds(P) (resp. LFIlds(P)) denote the set of
fields (resp. location fields) occurring in the inductive rules of P. Evidently,
LFlds(P) = {left,right}. For a spatial atom a, let Flds(a) denote the set of
fields that a refers to: if a = E +— p, then Flds(a) is the set of fields occurring in
p; if a = P(—), then Flds(a) = Flds(P).

We write CSLTP[P] for the collection of separation logic formulae ¢ = IT A
A A X such that P is the only tree predicate allowed to appear in X, and for
each points-to atom occurring in X, the set of fields of this atom is Flds(P). For
a CSLTP[P] formula ¢, let Vars(p) (resp. LVars(p), DVars(p), IVars(y)) denote
the set of (resp. location, value, size) variables occurring in ¢. Moreover, we use
¢[p/a] to denote the simultaneous replacement of the variables o; by p; in .

For the semantics of CSLTP[P], each formula is interpreted on states. For-
mally, a state is a pair (s, b), where

— s is an assignment function which is a partial function from LVarsU DVars U
IVars to L UD UN such that dom(s) is finite and s respects the data type,
— b is a heap which is a partial function from L x (F U D) to L UD such that
e b respects the data type of fields, that is, for each [ € L and f € F (resp.
Il €L and d € D), if h(I,) (resp. h(l,?)) is defined, then h(I,f) € L (resp.
h(1,0) € D); and
e |y is field-consistent, i.e. every location in h possess the same set of fields.

For a heap b, we use ldom(h) to denote the set of locations | € L such that
h(l,f) or h(l,0) is defined for some f € F and 0 € D. Moreover, we use Flds(f)
to denote the set of fields f € F or 0 € D such that (I, ) or h(l,0) is defined for
some [ € L.

Two heaps b1 and hs are said to be field-compatible if Flds(h1) = Flds(ha).
We write h1#bs if [dom(h1) Nldom(he) = &. Moreover, we write h; W ho for the
disjoint union of two field-compatible fields h; and by (this implies that h;#h2).

Let (s,h) be a state and ¢ be an CSLTP[P] formula. The semantics of
CSLTP[P] formulae is defined as follows,

— (s8,h) EE=F (resp. (5,h) F E# F) if s(F) = s(F) (resp. s(E) # s(F)),

— (s,h) F ITy /\Hg if (s,5) £ I, and (s, ) &= I,

— (s,h) Ex oc (resp. (s,h) Ex o 2') if s(x) o ¢ (resp. s(z) o s(a)),

— (s,h) Ehoc (resp. (s,h) Eh o W' +¢)if s(h) o c (resp. s(h) o0 s(h') + ¢),
(5,[’)) ':Al/\Ag 1f(5 []) ':Al and (5 []) ':A

— (s,b) E emp if Idom(h) = &,

— (s,h) F E — pif ldom(h) = s(E), and for each (f, X) € p (resp. (0,z) € p),
B(s(E), ) = 5(X) (resp. b(s(),0) = s(),

= (s,0) F P(E,a; F, B) if (s,) € [P(E, a; F, B)],

— (s,h) B X1 % Xy if there are by, b such that h = b W ha, (5,h1) E X and
(5’b2) E Y.
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where the semantics of predicates [P(E, a; F, B)] is given by the least fixed point
of a monotone operator constructed from the body of rules for P in a standard
way as in [6].

For a formula ¢, let [¢] denote the set of states (s,h) such that (s,h) E ¢.
We focus on the satisfiability problem, i.e., given a CSLTP[P] formula ¢, decide
whether [¢] is empty.

Ezxample 1. The first example bsth specifies binary search trees with one hole,
which exemplifies the usage of value variables for the sortedness constraints.
Here x, y represent the lower and upper bounds of the data values from D.

bsth(E,z,y; F, 2’y ) =FE=FAx=2"Ay=1y A emp,
bsth(E,x,y; F,o',y' ) =3X, Y, z,2" 4"y <2< 2" A
E — ((left, X), (right,Y), (data, 2)) *
bsth(X, z,y"; F, 2’ y') » bsth(Y, 2" y;nil,y, v),
bsth(E,z,y; F, 2’ ,y): =3X,Y, z,2" " v <z <a” A
E — ((left, X), (right,Y), (data, 2)) *
bsth(X,z,y";nil, z, ) * bsth(Y, 2", y; F,2',y).

Note that a binary search tree can be simply defined as bsth(E, z, y; nil, z, x)
or bsth(E,x,y;nil,y,y), where E is the root, and z,y are the lower respective
upper bounds for the data values occurring in the tree nodes.

The second example balthole specifies height-balancedness of AVL-trees with
one hole, which exemplifies the usage of size parameters. Here h € N represents
the height of the tree.

balthole(E, h; F,h'):: = E=F Ah =h' A enp,
balthole(E, h; F,R'):: = 3X, Y, h1, ha. h1 < ha <ht +1Ah=ha +1 A

E — ((left, X), (right, Y)) * balthole(X, h1; F, h')  balthole(Y, hz; nil, 0),
balthole(E, h; F,h'):: = 3X,Y,hi,ha. h=h1 +1Ah; =ha+1A

E — ((Left, X), (right, Y)) * balthole(X, h1; F, h') x balthole(Y, hz; nil, 0),
balthole(E, h; F,R'):: = 3X, Y, h1, ha. hy < ha <hi +1Ah=hy +1A

E +— ((left, X), (right, Y)) * balthole(X, hy;nil, 0) * balthole(Y, ha; F, h'),
balthole(E, h; F, h/):: =3X,Y,h1,ho. h=h1 +1Ahy =ha+1A

E +— ((left, X), (right,Y")) * balthole(X, hy;nil,0) * balthole(Y, ho; F, h/)A

The definitions of bsth and balthole can be combined to form a tree predicate
avlth(E, x,y, h; F, 2’ ,y', h'), which specifies both the sortedness and the height-
balancedness property of AVIL-trees with one hole.

4 The Least Fixed Point of Data Predicates

Let P(E, a; F,3) be a tree predicate. The data predicate induced by P, denoted
by Pp(a; 3), is the predicate whose definition is obtained from the rules of P by
ignoring the spatial variables and spatial atoms. Formally, Pp(a;3) is defined
by the rules of the following form,
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— base rule: Pp(a; 3):: = a = 3,

— for each left-hole inductive rule
P(E,o; F,8) :: =3X,Y3xz3h. ANE — ((left, X), (right,Y), p4) *
P(X,8; F,B) « P(Y,~;nil, e),
there is an inductive rule for Pp of the form:

Pp(e; B):: = Fx3h. AN Pp(6;8) A Pp(v;€),
— similarly for the right-hole inductive rules.

Naturally, Pp(a;3) induces a monotonic function and we use Ifp(Pp) to
denote its least fixed point.

We start with a “negative” result stating that, if multiple size source para-
meters were allowed in the tree predicates then Ifp(Pp) would be inexpressible in
Presburger arithmetic in general. This result underpins the constraint C4 which
dictates that only one source parameter of type N is allowed.

Theorem 1. If z,y,z’,y" in avlth(E,z,y,h; F,2',y',h') are assumed to be of
the type N, then Ifp(avithp) is inexpressible in Presburger arithmetic.

The intuition of Theorem 1 is explained as follows: If the data values in AVL-
trees are assumed to be natural numbers, then in avith(E, x,y, h; nil, 2, x,0), the
predicate atom for AVL trees, y — x correlates with h and is at least exponential
in h. This relationship goes beyond Presburger arithmetic.

Next, for a tree predicate P in CSLTP, we show that a linear arithmetic
formula can be computed to represent Ifp(Pp).

Theorem 2. A linear arithmetic formula can be computed in 5-fold exponential
time to represent Ifp(Pp). In addition, if the natural-number constants in the
inductive definition of Pp are encoded in unary, then the complexity is reduced
to 4-fold exponential time.

The rest of this section is devoted to the proof of Theorem 2. We start with
two simpler cases, i.e., dense order constraints and single size parameter.

4.1 Dense Order Constraints

In this subsection, we fix a tree predicate P(E,a; F,3) where all parameters
in a and B are of the type D. As a result, only value formulae Ap are used in
Pp(a; 3). Let C(Pp) denote the set of constants occurring in the rules of Pp.

Definition 2 (Order graphs). Let V' be a finite subset of DVarsUD. An order
graph G on 'V is an edge-labelled graph (V, E), where E CV x {<, <} x V.

It is evident that order graphs are simply another representation of value
formulae, which are dense order constraints on ID. More specifically, from an order
graph G on V, a dense order constraint Ap(G) can be naturally defined. On the
other hand, an order graph G'a, can be constructed from a value formula Ap. For
two order graphs Gy, G2, we will use G; = G2 to denote Ap(G1) = Ap(Ga).
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Definition 3 (Saturated order graphs). Assume an order graph G = (V, E).
The saturated graph of G, denoted by Sat(QG), is computed from G by the following
procedure:

1. Initially, let Sat(G) := G.
2. Repeat the following procedure until no more edges can be added to Sat(G).
— If there are two edges (v1,01,v2) and (va,02,v3) in Sat[G] such that o4
and o9 are both < and (v1,<,v3) is not an edge in Sat(G), then add
(v1, <, v3) into Sat(G).
— If there are two edges (vi,01,v2) and (vs,09,v3) in Sat(G) such that at
least one of 01 and 03 is < and (vi, <,vs3) is not an edge in Sat(G), then
add (v1, <,vs) into Sat(G).

Sat(G) is said to be consistent if it does not contain edges of the form (v, <,v)
for v € V. Otherwise, it is said to be inconsistent.

Proposition 2. Let Ap be a value formula. Then Ay is satisfiable iff Sat(G a,)
15 consistent.

For a finite set V' C DVarsUD, we use Gora(V') to denote the set of consistent
saturated order graphs on V. Note that the cardinality of Goq(V) is exponential
in the size of V.

To compute Ifp(Pp), let V.= aUBUC(Pp). We define a monotone function
Tp,, : 29x(V) — 2904(V) to capture Pp(a;3), and compute Ifp(7p,) by a stan-
dard iteration: let Gy = &, and G; := Tp,(G;—1) until the iteration stabilises.
The algorithm terminates in exponential time, since 7p,, is monotone and the
cardinality of Gorq(V) is exponential in the size of V.

Suppose || = k. For a vector d,d’ € D¥, define an order graph Gg 4 =
(V,Eqa) as as follows: Let n: V — dUd' UC(Pp) such that n(a(i)) = d(i)
and 7(B(i)) = d'(i) for each i € [k], and n(d") = d” for each d” € C(Pp). Then
for each 2,2’ € V and 0 € {<, <}, (2,0,2") € Eq q iff n(2) 0 n(z") holds in D.

Proposition 3. For any two vectors d,d’ € D*, Ifp(Pp)(d;d’) holds iff there
ezists G € Ifp(Tp,,) such that Gga = G.

4.2 Single Size Parameter

In this subsection, we fix a tree predicate P where all (data) parameters are of
type N. Then according to C4, the parameters of P are of the form (E, «; F, 3),
where «, 8 are of type N, in addition, each inductive rule of the associated data
predicate Pp(a; () is of the form

Pp(c; B):: = 3h. Ay A Pp(6;8) A Pp(vy;n). (1)

Let M (Pp) denote the set of all constants n occurring in the predicate atom
Pp(vy;n) of the body Pp(a; 5). By C3 and C4, § and -y are the only existentially
quantified variables, that is, 3h = 363v. For each n € N (Pp), we introduce a
new predicate Pp (), the definition of which is as follows:
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— base rule: Pp (o) =a = n,
— inductive rules: Pp,(a):: = 363y. A A Ppn(0) A Pp (), if there is an
inductive rule Pp(a; 8):: = H(EW AN Pp(8;8) A Pp(y;n).

The general strategy to solve (1) is to first compute Ifp(Pp ,,) as a quantifier-
free Presburger formula ¢p,, , («) for the predicates Pp, with n € N'(Pp). We
then substitute Pp(y,n’) in the body of the inductive rule of Pp(«;3) with
¢p, ., (7), resulting in a new collection of inductive rules for Pp(a;3). Finally,
we compute the least fixed point of the function induced by this new collection
of rules of Pp(«; ().

Computation of Ifp(Pp,,). We will reduce the problem to the computation of
the reachability sets of an A1CS Ap, = (@, ©), where @ is the union of {Pp,, |
n € N(Pp)} and a set of auxiliary states (see below), and © is defined according
to the inductive rules of the predicates Pp , for n € N'(Pp).

Let us fix a predicate Pp , and an inductive rule of Pp

PDn( ) —353’}/ AN/\PDn((S)/\PD,n’(’Y)~ (2)

By C4, the size formula Ay must be of the form o« = § + m A A’ or o =
~v+mA A" such that a does not occur in A’. W.l.o.g., we assume that a = §+m
holds. It follows that A’ is a conjunction of difference bound constraints over §
and . Hence, we may constraint 7 in terms of « (rather than d; this is possible
because & = §+m). Namely, we may assume that A’ = Af (a)AAL (e, v) AAS (),
where A}, AL, AL are defined by the following rules,

1. Al(a)::=true |a>2l|a<ul|l<a<u wherel,u €N,
2. Ay(a,y):=true |y 2 a+l|y<a+tu|a+l<y<a+u, where l,u € Z,
3. A(y)=true |y 21|y <u|l<vy<u, where [,u € N.

© comprises the transition rules for each predicate Pp , and each inductive
rule of Pp, as in Eq. (2), defined as follows:

— the transition rules for A} («):
if A} = true, then Pp, — {(+0,¢1)},
it Al =a>1, then Pp,, — {(=1,q1)},
it Al =« <wu,then Pp,, — {(<u,q1)},
if A} =l <a<u, then Pp, = {(Z1q)} ¢t = {(Sw,q)};
— the transition rules for a=3d+mAAL(a,7):
o if A} = true, then ¢1 — {(—m, Pp,,), (reset(0),¢5)}, ¢5 — {(+1,45)},
and g5 — {(+0,q2)},
o if Ay =5 > a+1, then g — {(—m, Pp,), (Lab)}, ¢ — {(+1,a4)},
@ — {(+0,42)},
o if Ay =+ < a+u, then g1 — {(_m>PD,n)a(u7qé)}’ 4 — {(_17ql2)}’
qé - {(+an2)}7
o if Ay =a+1<v<a+u, then g1 — {(—m, Ppn),(m’,q2)} for each
I<m <u
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— the transition rules for Aj(y):
o if A} = true, then ¢ — {(4+0, Ppn/)},
o if Ab =~ >1 then gz — {(=1,Ppn)},
o if Ab =+ < wu,then ¢ — {(<u,Ppn)},
o if AL =1<vy<u,then o — {(=1,¢})}, ¢4 — {(<u,Pp.)},

where q1, g2, ¢}, ¢4, g5 are the auxiliary (control) states.

For each predicate Pp ,,, we use P(Pp ;) to denote the set of predicates Pp
such that Pp ,,s occurs in the body of some inductive rule of Pp ,. In particular,
Pp, € P(Pp,). Then for each Pp,, we define a set of goal configurations
GConf(PDyn) = {(Ppﬁn/,n/) | PD,n’ S ’P(PD’H)}

Proposition 4. For each predicate Pp, and m € N, Ifp(Pp,)(m) holds iff
(Pp,n,m) = a,, GConf(Pp ).

Thanks to Proposition 4, we have Ifp(Pp ) = Prej‘PD (Pp n, GConf(Pp p)).
According to Proposition 1, for each predicate Pp ,,, a quantifier-free Presburger
formula pp, , () in disjunctive normal form to represent Ifp(Pp ), can be com-
puted in doubly exponential time w.r.t. the size of Ap, (thus in doubly expo-
nential time w.r.t. the size of the inductive definition of Pp as well). In addition,
if the constants in the inductive definition of Pp are encoded in unary, then the
complexity is dropped to singly exponential time.

Computation of Ifp(Pp). The main idea is to reduce the computation of Ifp(Pp)
to solving the reachability problem of an N1CS.
From the previous step, the solution of Pp ,(7y) is expressed by the formula
vpp ,, (77) in disjunctive normal form, say ¢p, , (v) = ap( Y . (7), where each
' ' 1<i<ln
@E%n(w) is of the form v = ny or v > ny Ay = n3 mod ne. Let N € N be the
least common multiplier of the divisors ny occurring in ¢p,, , (o) for n € N(Pp).
It follows that Pp(a;3):: = 303y. Ax A Pp(5;08) A Pp(y;n) =V
1<i<ey,
36dy. Ay A <p( J (7)) A Pp(6; B). Namely, it suffices to consider Pp(a; ) with
multiple rules of the form

Pp(a; B):: = 303y, (Ax A @) (1)) A Pp ;) (3)

for 1 < i < {,, where eachcp () is of the form v = ny or v = ny Ay =
n3 mod N. This new collection of rules is linear in that the predicate Pp occurs
at most once in the body of each rule, which is simpler than (2).

Ifp(Pp) can now be computed by appealing to an N1CS Bp, = (Q’,0’). The
N1CS Bp, is constructed according to the new collection of rules of Pp. The
states of Bp,, are of the form (g, r), where ¢ is a location and r € {0,..., N —1}.
In Bp,, a special location g is used to represent the predicate Pp.

Let us fix an inductive rule of Pp(«; 3), say

Pp(o; B):: = 303y, (An A @) (7)) A Pp(8;6). (4)
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We will demonstrate how to construct the transition rules of Bp,, according to
this rule. We will only illustrate the construction for the case that each <p§§;n (7)
is of the form v > ny Ay = nz mod N. The construction for the case v = ny is
(much) simpler.

For (4), as before by C4, Ay must be of the foom o = § + m A A" or a =
~v+m A A’ such that a does not occur in A’. We will illustrate the construction
by considering the former case, that is, a = 6 + m A 4.

Since 6 = o — m, we can assume that A’ is a formula involving only «,~
(instead of §,7). As before, A’ can be written as A} (a) A Ay(a,y) A A5(7).
Therefore,

A NS (9) = Af(a) A Ab(a,7) A (Af(y) Ay =1 Ay = ng mod N).

For each r € {0,..., N — 1}, @’ includes the transition rules defined below. Let
us assume that the formula A5(y) Ay > ny Ay = nz mod N is satisfiable (since
otherwise, no transition rules should be included into @’ in this case).

— The transition rules for Af:
o if A} =true, then (go,7) — (+0, (q1,7))
o if A =a >1, then (go,7) — (=1, (q1,7)
o if All =a<u, then (QOJ') — (< u, (qlar
o if Al =1< a<u,then (q,7) = (=1,(41,7)), (¢1,7) = (< u,(q1,7));
— the transition rules for

A" = Ab(a,y) A(A5(Y) Ay = n1 Ay =nz mod N) :

o if AL, = true, then (q1,7) — (40, (g2,7)), since AL(y) Ay = n1 Ay =
ng mod N is satisfiable (by assumption),
o if AL =72 «a+1, then
* if Al = true or Ay =~ >, then

Fy. A" =Fv. vy > a+IANA, Ay =n3 Ay =ngmod N

is satisfiable for every value of «, therefore, we have (qi,7) —
(+07 (q27 T))u

xif Ab =y <u or Ay =1 <y </, et I” =nq or I” = max(l',n1)
respectively, then

Fy. A" =Fy. vy a+IA" <y<u' Ay=n3mod N,

from this, we have that for each s € N such that I” < s < ' and
s=mnzmod N, (q1,7) — (< s—1,(g2,7)),

o if AL =9y<a+u,
x if Af = true or Ay = v > U/, let I” = ng or I” = max(l',ny)
respectively, then

Iy. A" =Fy. y<a+uAy=1" Ay =n3mod N,

which is equivalent to av+u > I + s, where s is the minimum natural
number satisfying 0 < s < N and " 4+ s = n3 mod N, therefore, we
have (QIv’r) — (2 l/l +s— u, (qQa 7")),
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xif Al =y < or Ay =1 <y </, letl” =ny or I” = max(l',ny)
respectively, then

Iy. A =Fy. y<a+unl" <y<u Ay=n3mod N,

from this, we have that for each s € N such that I” < s < v’ and
s=ngmod N, (¢q1,7) — (= s —u,(ga,7)),

o if Al=a+1<v<a+u,then
x if AL = true or Ay = v > ', let I” = ny or I” = max(l',ny)
respectively, then

Iy A =Fy. a+l<y<at+ury=1" Ay =n3mod N,

which is equivalent to a+ s > 1", provided that o = r mod N, where
s is the maximum natural number such that l < s <wvwandr+s=
ng mod N, therefore, we have (¢1,7) — (= 1" — s, (q2,7)),

xif Ab=y< v or Ay =1 <y </, letl” =ny or I” = max(l',ny)
respectively, then

Iy A" =Fy. a+i<y<at+uAl”" <y<u' Ay =n3mod N,

from this, we have that for each s € N such that I” < s < and s =
n3 mod N, (q1,7) = (< s—1,(¢, 7)) and (¢h,r) — (= s —u, (g2, 7)),
— the transition rule for & = § + m: (g2,7) — (—m, (qo, (r — m) mod N)),

where ¢1, g2, q1, ¢4 are the freshly introduced locations.
We have the following result:

Proposition 5. For m,n € N, let r = mmod N and ' = nmod N. Then
Ifp(Pp)(m,n) holds iff ((q0,7),m) =5,, ((q0,7"),7).

From Proposition 1, for each r,7’ € {0,..., N — 1}, a quantifier-free Pres-
burger formula ¢4, 1), (ge,r7) (@, B) can be computed in triply exponential time
w.r.t. the size of Bp, to represent {(m,n) € N? | ((go,r), m) =8p, ((q90,7"),n)}.
Therefore, from Proposition 5, Ifp(Pp) can be expressed with ¢p,(a, 5) =

V' ©g0,m).(q0.r) (@, B). Since the size of the new collection of inductive rules
or,r’' <N
of Pp—thus the size of Bp,—is at most doubly exponential in the size of the
(original) inductive definition of Pp, we conclude that the size of vp, (c, 3) is
5-fold exponential in the size of the (original) inductive definition of Pp. In addi-
tion, the size of pp, («, §) is 4-fold exponential if the constants in the inductive
definition of Pp are encoded in unary.

4.3 The General Case

In the subsection, we show how to combine the techniques developed in the pre-
ceding sections to tackle the general case. Without loss of generality, we assume
that the data predicate Pp(a, 3) satisfies that |a] =k > 1, (1), -+ ,a(k — 1)
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are of type D, and a(k) is of type N. For convenience, we write a = (o', @)
where o = (a(1),...,a(k — 1)) and o = a(k). Similarly, 3 = (3',3”). Then
each inductive rule for Pp is of the form

Pp(a/,a”;8',3"):: = 3x3h. Ap A Ax A Pp(8,8";:8',8") A Po(y',~"; € ,n).
We split each inductive rule of Pp into two rules,

PD’]D(O/; ,@l):t =dx. Ap A PD’D((S/; ﬁl) A\ PD,D(’Y/§ 6/),

PD,N(O//; ﬂ”)t: = Jh. AN A PD,N((S”; ﬁ/,) A PD,N('}/,; TL)

The computation of Ifp(Pp) proceeds as follows. Intuitively, we first deal with
Ppp(a’;8") and Ppn(a”; 8") separately by the constructions in Sects. 4.1 and
4.2. More specifically, Ifp(7p, ,), a set of order graphs on V, is computed, and
the A1CS Ap,,, and the N1CS Bp,, , are constructed. We then integrate the
order graphs from Ifp(7p,, ) into the states of Ap, , and Bp,, .

As the first step, we use the algorithm in Sect.4.1 to compute Ifp(7p, ).
As a result, we obtain a set of order graphs over V = o’ U3 UC(Ppp), where
C(Pp p) is the set of constants occurring in the body of the rules of Pp p(a/; ).

Suppose Ap,,, = (Q,0) is the AICS constructed for Ppn(a”;3") as in
Sect.4.2. Recall that @ is the union of {Ppn, | n € N(Ppn)} and a set
of auxiliary states. We shall construct a new A1CS A% . The state space
of Ap  is Ifp(Zp,,) x Q. As before, for each n € N(Pp,), we consider a
predicate Pp ,(a’,a;8") whose inductive definition is obtained from that of
Pp(a/,a”;3',3") by replacing 3" with n. Specifically, each inductive rule of
Pp ,, is of the form,

Ppn(a/,a”;8):: = 3x3h. Ap A Ay A Pp (8,8 8') A Pp o (7,75 €). (5)
Considering the inductive rule of Pp n,(c) corresponding to (5),
PD7N7n(Oz/I):2 =dh. Ay A PD,N,n((;H) N PD,N,n’ ("y"). (6)

We lift the transition rules of Ap, , for the inductive rule (6) of Pp n,,(a’)
to the ones of A for the rule (5) of Pp,(e’,a”;B') as follows: For every
G,G1, Gy € Ifp(Tp, ;) satisfying the proper constraints induced by some induc-
tive rule of Ppp, add G,G1, G2 as the first-component of states. For instance,
the transitions Ppn, — (+0,¢1), ¢1 — {(—m, Ppnn), (reset(0),¢5)}, ¢4 —
{(+1,¢5)}, 56 — {(4+0,q2)}, and g2 — {(4+0, Ppnw)} in Ap,, are changed
to the following transitions in A% = respectively: (G, Ppnn) — (40, (G, q1)),
(Goar) = {(=m, (G, Posun), (reset(0), (G )}, (Grah) — {(+1,(G.ab)}.
(G’ qg) - {(+07 (G’ q2))}7 and (Gv qQ) - {(+07 (GQv PD,N,n’))}'

Recall that P(Pp ) is the set of predicates Pp s occurring in the body of
the inductive rules of Pp . Let GConf'(Pp.,) = {((Go, Po.nw)sn') | Ppnn €
P(Ppn.n)}, where Gy is the order graph corresponding to the value formula o’ =
B'. Again, from Proposition 1, for each state (G, Pp n,n) of Alp,, a quantifier-free
Presburger formula ¢ p,, ) can be computed to represent the set of natural
numbers Pre;/PD ((G, Pp.nn), GConf' (Pp ). As a result, Ifp(Pp ;) is given by
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PPp,n (a/7a/,;ﬂ/) = \/ (A(G) A QO(GJDD,NJL))'
Gelfp(Try, )

Next, we replace each predicate atom Pp(vy',v”;€’,n) in the body of each
inductive rule by the formula ¢p, , (v',7";€’) and rewrite pp, , (7',7"; €') into
a disjunctive normal form, resulting into a new collection of linear inductive
rules for Pp(a/,a”; 3, 3").

We can then define the N1CS BQDD by adapting the construction of the N1CS
Bpp, « for Ppn. Roughly speaking, this is done by adding the order graphs as
components of the states of B Pp - Finally, a linear arithmetic formula ¢ p, (o; 8),
which is a mixture of dense order constraints and quantifier-free Presburger
formulae, is computed from B} to represent Ifp(Pp), by using Proposition 1.

5 Satisfiability

Let ¢ = INAAX be a CSLTP[P] formula. Suppose X' = aq*- - -*a,,, where each a;
is either a points-to atom or a predicate atom. Let Pp(c; 3) be the data predicate
induced by P and ¢p, (a, 3) be the formula constructed in Sect. 4 to represent
Ifp(Pp). For each inductive rule R of P(E,«a;F,3), we define Aﬁl(a; B) as
follows.

— If R is a left-hole inductive rule

P(E,o; F,3) :: =3X3Y3x3h. ANE — ((Left, X), (right,Y), pq) *
P(X,0; F,B) x P(Y,v;nil,€),

then AZ'(a; B) := Fx3h. AN @p,[8/a] A vp,[(7,€)/(c, B)].
— If R is a right-hole inductive rule, then Ail(a; () is defined similarly.

In addition, we define A?l(a;,@) = V Ail(a;,ﬁ).
R: inductive rule of P
For each predicate atom a; = P(Z1,u;Zs,v), we define the formula

Ufld®" (a;) as AZ'(p,v). Intuitively, Ufld>*(a;) is the data constraint obtained
by unfolding a; at least once (with the inductive rules of P).

For each location variable F and atom a; in X, we introduce a Boolean
variable [E, i] to represent whether F is allocated in a;. Let BVars(y) denote the
set of introduced Boolean variables. We define an abstraction of ¢ [12,14] to be
Abs(p):: = IT AN AN ¢ A ¢, over BVars(p) U Vars(p), where

— ¢ = N\ Abs(a;) is an abstraction of X' where
1<ign
e if a; = E > p, then Abs(a;) = [E,i] A E # nil,

o if a; = P(Zy, p; Zs,v), then

Abs(a;) = (=[Z1, )| AN Z1 = Zo A=)V ([Z1,i] A Zy # nil AURAZ (a;)).
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— ¢ states the separation constraint of spatial atoms,

s = /\ (lezi/\[Zle])*}_'[ZiaJ]
[Z1,i],[Zi,j]eBVars@p),i;éj

Proposition 6. For CSLTP[P] formula ¢, ¢ and Abs(y) are equisatisfiable.

The formula Abs(y) can be turned into a quantifier-free formula Absqf(¢) by
removing all the existential quantifiers in Ufld®*(a;) and replace the existentially
quantified variables with some freshly introduced variables. The formula Absqs(¢)
can be seen as a mixed real and integer linear arithmetic constraint, thus its
satisfiability can be decided in nondeterministic polynomial time in theory, and

can be solved by using the state-of-the-art SMT solvers, e.g. Z3 [34], in practice.

Theorem 3. The satisfiability of CSLTP[P] formulae can be decided in 6-fold
exponential time. In addition, if the natural-number constants in P are encoded
in unary, the satisfiability can be decided in 5-fold exponential time.

Remark 1. The decision procedure for the satisfiability problem can be easily
generalised to n-ary trees, and to separation logic formulae where several induc-
tive predicates, e.g., lseg(E; F') and bsth(E,x,y; F,z’,y"), occur simultaneously.

6 Conclusion

In this paper, we proposed CSLTP, the compositional separation logic with tree
predicates. We gave a complete decision procedure for the satisfiability problem.
To our best knowledge, this is one of the most expressive fragments of SLID with
data/size constraints that is equipped with a complete decision procedure. The
main ingredient of the decision procedure is to compute the least fixed point
of data predicates involving dense order constraints and difference-bound size
constraints, by utilising an automata-theoretical approach.

For the future work, the decision procedure for the satisfiability problem
paves the way towards a compete decision procedure for the entailment problem
of CSLTP. In addition, we plan to implement the decision procedure and apply
it to the analysis and verification of programs manipulating tree data structures.
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