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1 Markov property
Markov property
e Markov propety (no memory or aftereffect):
p(is1 [ @, 21) = p(@eg | 20)

e The conditional probability density p(z;y1 | z¢) is called transition func-
tion (or transition probability).

e The joint probability density of a Markov process is computed using a
product of transition probabilities:

p($t+17xta R 7:1;1)
= p@eg1 | 2, @) p(we | o1, 21) - (oo | 1) p(an)
——
p(ziy1|ze) p(z¢|ze_1) p(z2|®1)

Ezample 1 (Independent increments). Any process {z(t)}+cjo,7) With indepen-
dent increments Az(t) = z(t + 1) — x(t) is Markov. Thus, the Wiener process
is Markov (it is a ‘sum’ of white noise, which is a J-correlated process).



2 Kolmogorov-Chapman equation
Kolmogorov-Chapman equation

e Recall the law of total probability:
p(x):/p(x,y)d% p(x,y):/p(x,y72)dz,---

o Write p(@42, Te41,0¢) = P(@py2 | Tep1)D(@e41 | 2e)p(2¢) With p(zy) = 6,
and integrate over xyy1:

P(Tig2 | 21) = /p($t+2 | Ze1)p(Teg1 | 24)

Question 1. How do p(ziy- | ) or pr(z:) = [p(@itr | 2)p(z) duy depend
on 7% Can we find the time derivative:

() = iy 2220

3 Kinetic equation
Kinetic equation

e Consider a transformation of p(x) into p,(z,):

m%):/WJWWW

= i//(fiu(”‘/’fﬂ”)@(u,:17)dup(x)dx

_ // ﬂu(x,ﬂ)z . )) dup(x) de

%+Zm(%)hwmmm

pr(z)—p(zs) .

e Taking lim,_.g —

_ i% (65;)” (Ko (2)p(z)],  Kn(z) = lim

4 Fokker-Planck equation

Fokker-Planck equation



Definition 2 (Continuous Markov process). e A Markov process, for which
K, =0 for all n > 2.

e In this case, the kinetic equation is

0 1 9?

§x) = = o (K1 (@)p(a)] + 555 [Ka(@)p(a)

e Coefficient K7(x) is called drift.
e Coefficient Ks(z) is called diffusion.
Ezample 3 (Diffusion equation). If the drift K71 = 0 and diffusion Ky = 1, then

op(x,t) _ 10%p(x,t)

ot 2 Ox2

This corresponds to Wiener process {z(t)}+c(0,7)-

Solution of the Fokker-Planck Equation

e For stationary Ki(z) and Ka(x), the solution is a stationary process:

o= o (2 [ et

o If Ki(r) = —ax and Ka(z) = g%, then the solution is Gaussian process
N.[0,9?/2a] (zero mean and variance g2/2a):

Reading

e Chapter 7 (Crack, 2014)
e Chapter 4 (Stratonovich, 2014)
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