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M
O

T
IVA

T
IO

N

•
H

um
ans

and
anim

als
alw

ays
express

som
e

degree
of

random
ness

in
their

choice
behaviour

(M
yers,F

ort,K
atz,&

S
uydam

,1963)

•
C

ognitive
architectures

add
noise

into
utility

to
m

odelthe

‘irrational’com
ponent(e.g.

A
C

T–
R

,A
nderson

&
Lebiere,1998)

•
N

oise
seem

s
to

play
an

im
portantrole

optim
ising

the
behaviour

(B
elavkin

&
R

itter,2003)

•
T

he
expected

utility
theory

leads
to

m
any

unexplained
paradoxes.
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E
X

P
E

C
T

E
D

U
T

IL
IT

Y
T

H
E

O
R

Y

•
T

he
classicaldecision–m

aking
theory

is
due

to
B

ernoulli

(1738/1954),von
N

eum
ann

and
M

orgenstern
(1944),S

avage

(1954)
and

A
nscom

be
and

A
um

ann
(1963).

•
T

he
centralidea

is
to

representpreferences
by

som
e

utility

function
u

:
X
→

�

x�
y
⇐⇒

u(x)
>

u(y)
,

•
U

nder
uncertainty,the

expected
utilities

(E
U

s)
are

considered

p�
q
⇐⇒

∑z∈
Z

p(z)
u(z)

>
∑z∈

Z

q(z)
u(z)

,

w
here

Z
is

a
setofprizes,P

a
setofprobability

m
easures.
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T
H

E
A

L
L

A
IS

PA
R

A
D

O
X

D
ue

to
A

llais
(1953).

A
lso

studied
by

T
versky

and
K

ahnem
an

(1974)

in
m

any
interpretations.

C
onsider

tw
o

lotteries
A

and
B

�
�

�
�

�
���

�
�

�
�

�
� ��

$0 $300

23 13

A
�

�
�

�
�

���

�
�

�
�

�
� ��

$0 $100

0 1

B

13 ·$300
+

23 ·$0
=

$100
1·$100

+
0·$0

=
$100

A
bout80%

ofsubjects
express

preference
A
≺

B
.

P
rofessionaltraders

behave
this

w
ay

too
(List&

H
aigh,2005).
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T
H

E
M

A
X

E
U

P
R

IN
C

IP
L

E

•
M

any
paradoxes

occur
w

hen
w

e
try

to
apply

x
=

arg
m

ax
x∈

X

∑z∈
Z

p(z|
x)u(z)

•
F

or
G

aussian
distributions,E{u}

corresponds
to

m
ax

P
(u)

N
orm

al

E
{u}

U
tility U

(z)

P
(u)
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N
O

N
–G

A
U

S
S

IA
N

D
IS

T
R

IB
U

T
IO

N
S

•
In

general,E{u}�=
arg

m
ax

P
(u)

B
im

odal

E
{u}

U
tility U

(z)

P
(u)

•
O

ften,E{x}
/∈

X
,such

as
$100

/∈{$0,$300}



R
om

an
B

elavkin,M
iddlesex

U
niversity,D

ecem
ber

14,2005
7

E
X

P
L

O
R

A
T

IO
N

vs
E

X
P

L
O

ITA
T

IO
N

•
D

istributions
P

∗
an

agentuses
m

ay
be

only
approxim

ations
of

the
objective

probabilities
P

,and
E

∗{u}�=
E{u}

.

U
tility distributions

E
{u}

E
*{u}

U
tility U

(z)

P
(u)

O
bjective

S
ubjective

•
Is

m
ax

E{u}
a

good
sam

pling
strategy?

•
D

istributions
P

(z)
m

ay
depend

on
the

agent’s
actions.
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R
A

N
D

O
M

D
E

C
IS

IO
N

–M
A

K
IN

G

•
Instead

of ∑
z
p(z|

x)u(z),w
e

can
use

p(z|
x)

to
draw

z

random
ly

(i.e.
M

onte–C
arlo).

T
he

utility
ofthis

outcom
e

is
called

random
utility

u(z),and
itcan

be
used

to
choose

x

x
=

arg
m

ax
x∈

X
u(z)

,
w

here
z←

p(z|
x)

•
S

am
pling

can
be

im
plem

ented
using

the
inverse

P
D

F
m

ethod

O
utcom

e
=

F
−

1(p)
,

w
here

p∈
(0,1)

•
O

n
average,z

=
arg

m
ax

p(z)
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T
H

E
A

G
E

N
T

A
R

C
H

IT
E

C
T

U
R

E

•
T

he
follow

ing
decision–theoretic

agents
architecture

is
used

X
=
{x

1 ,...,x
m }

percepts

Y
=
{y

1 ,...,y
n }

preferences
(e.g.

Y
=
{

success,failure}
)

Z
=
{z

1 ,...,z
k }

actions

•
Transitions

(x
i ,y

j ,z
k )

are
recorded

in
M

kij .

•
N

orm
alised

M
kij

is
used

as
a

M
arkov

transition
m

odel

P
(X

,Y
,Z

)
=

(p
kij ),w

here
p

kij
=

p(x
i ,y

j ,z
k ).

•
W

e
can

use
B

ayesian
inference

P
(Y
|
X

,Z
)

=
α
P

(X
,Y

,Z
)
,

w
here

α
=

1
‖
P

(Y
|X

,Z
)‖
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L
E

A
R

N
IN

G

•
T

he
m

em
ory

is
initialised

to
M

kij
=

I
=

(1).
N

orm
alised,it

represents
uniform

distribution
thatyields

m
axim

um
entropy

m
ax

H
(X

,Y
,Z

)
=

ln(m
×

n×
k)

(i.e.
no

inform
ation).

•
T

he
preference

relations
influence

the
action

selection

m
echanism

,w
hich

m
akes

X
,Y

and
Z

statistically
dependent.

•
M

utualinform
ation

can
m

easure
this

dependence

I(X
,Y

,Z
)

=
H

(X
)
+

H
(Y

)
+

H
(Z

)−
H

(X
,Y

,Z
)
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T
H

E
E

X
P

E
R

IM
E

N
T

1
2

3
4

5
X

1
2

3
4

5
X

P
ercepts:

X
=
{x

1 ,...,x
5 }

P
references:

Y
=
{

success,failure}
A

ctions:
Z

=
{

left,stay,right}

•
T

he
rew

ards
appear

random
ly

according
to

som
e

distribution
law

and
atdifferentrates.

•
T

he
perform

ance
ofagents

can
be

m
easured

and
com

pared
by

the
num

ber
ofrew

ards
they

m
anage

to
collect.
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A
C

T
IO

N
S

E
L

E
C

T
IO

N

T
hree

agents
w

ere
used

in
tests.

T
he

only
difference

w
as

how
actions

w
ere

selected
from

Z

m
ax

E
U

z
=

arg
m

ax
z∈

Z

∑y∈
Y

p(y|
x
,z)u(y)

ran
d

A
ct

z←
p(z|

x
,arg

m
ax

y∈
Y

u(y))

ran
d

U

z
=

arg
m

ax
z∈

Z
u(y)

,
w

here
y←

p(y|
x
,z)
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C
O

M
P

L
E

T
E

LY
R

A
N

D
O

M
W

O
R

L
D

R
ew

ards
appear

w
ithoutany

pattern
(i.e.

uniform
ly).

m
ax

E
U

R
and

A
ct

R
and

U

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 
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P
E

R
F

O
R

M
A

N
C

E
(N

O
PA

T
T

E
R

N
)

R
andom

 pattern

m
in

m
ax

0%

50%

100%

R
ew

ards frequency

R
ew

ards

M
ax E

U
R

and U
R

and A
ct

T
he

random
agents

are
notdoing

too
bad!



R
om

an
B

elavkin,M
iddlesex

U
niversity,D

ecem
ber

14,2005
15

M
U

T
U

A
L

IN
F

O
R

M
A

T
IO

N
(N

O
PA

T
T

E
R

N
)

R
andom

 pattern

m
in

m
ax

0

0.25

0.5

R
ew

ards frequency

I(x,y,z)

M
ax E

U
R

and U
R

and A
ct
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R
E

G
U

L
A

R
PA

T
T

E
R

N
(P

O
O

R
)

R
ew

ards
appeared

according
to{0,1,0,1,0}

m
ax

E
U

R
and

A
ct

R
and

U

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0

X

P
(X

)

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 

-0
.1

0.9
1.9

2.9
3.9

0 1

X

P
(Z | X

)
 L

eft 
 Stay 
 R

ight 
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P
E

R
F

O
R

M
A

N
C

E
(R

E
G

U
L

A
R

1)

P
oor pattern

m
in

m
ax

0%

50%

100%

R
ew

ards frequency

R
ew

ards

M
ax E

U
R

and U
R

and A
ct

T
he

random
agents

outperform
m

ax
E

U
alm

ost2:1.
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M
U

T
U

A
L

IN
F

O
R

M
A

T
IO
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U
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A
R

1)

P
oor pattern

m
in

m
ax

0

0.25

0.5

R
ew

ards frequency
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M
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U
R

and U
R

and A
ct



R
om

an
B

elavkin,M
iddlesex

U
niversity,D

ecem
ber

14,2005
19

R
E

G
U

L
A

R
PA

T
T

E
R

N
(R

IC
H

)

R
ew

ards
appeared

according
to{1,0,1,0,1}

m
ax

E
U

R
and

A
ct

R
and

U
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0

X

P
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P
E

R
F

O
R

M
A

N
C

E
(R

E
G

U
L

A
R

2)

R
ich pattern

m
in

m
ax

0%

50%

100%

R
ew

ards frequency

R
ew

ards

M
ax E

U
R

and U
R

and A
ct

A
gain,random

outperform
m

ax
E

U
as

m
uch

as
2:1.
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M
U

T
U

A
L

IN
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O
R

M
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R
ich pattern

m
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IN
V

E
R

S
E

P
D

F
(A

an
d

B
)

P
D

F
 L

ottery A

$0
$300

0 1

U

F
(U

)
P

D
F

 L
ottery B

$0
$100

0 1

U

F
(U

)

U
tility

=
F

−
1(P

)

R
U

A
<

R
U

B
2

out
of

3
tim

es,
w

hich

supports
experim

entalevidence

A
≺

B

U
tility A

 and B

0
1/3

2/3
1

$0

$100

$200

$300

P
robability

U
tility
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C
O

N
C

L
U

S
IO

N
S

•
H

ere,the
m

ax
E

U
m

ethod
turned

to
be

inferior
to

the

M
onte–C

arlo
m

ethods.

•
T

he
random

agents
notonly

m
axim

ise
the

utility,butalso
sam

ple

the
distributions

(exploration
vs

exploitation).

•
M

onte–C
arlo

m
ethods

use
allstatistics

(notjustE
).

•
R

andom
d.m

.
accom

m
odates

better
hum

an
choice

behaviour.

•
T

he
inverse

P
D

F
provides

som
e

clues
for

the
A

llais
paradox.

•
S

hould
w

e
go

back
to

the
gam

e
theory?

(e.g.
the

P
risoners’

dilem
m

a)
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