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Abstract. States of a dynamical information system can be represented by points
on a statistical manifold — a subset of a vector space endowed with an informa-
tion topology. An evolution of such a system is considered here with respect to
changes in information rather than changes in time, because differences between
states are represented by an information distance. Here we consider an optimal
system maximizing a utility of an abstract information resource, and then analyze
properties of information such that an optimal system is described by an evolu-
tion operator or a semigroup. The latter is generated by an operator that can be
interpreted as a utility, payoff or a fitness function. We discuss the advantages and
applications of the proposed approach.

1 Introduction

Recent studies in optimization of cooperative and information systems have highlighted
the need for further theoretical analysis and optimization of systems with dynamic in-
formation [8,9,10]. Examples of such systems appear in cognitive science, machine
learning, cybernetics, biology and artificial life. Such systems are characterized by prior
uncertainty at their initial state (e.g. some statistical parameters of the underlying distri-
butions are unknown). During their operations, however, the uncertainty is reduced due
to receiving of new information, and their performance can be improved. In this paper,
we shall consider general representation of such systems and their evolution within the
framework of information utility (or information value) theory [20,1].

The main goal of this paper is to relate the optimal information utility dynamics
with the theory of evolution operators and semigroups. The motivation for this is an ob-
servation that there does not seem to exist a time-valued function on the set of all states
of an information system — given two arbitrary states, it is generally impossible to say
how long does it take to transfer an information system from one state to another. This
suggests that the problem of optimization of an information system evolution in time is
generally ill-posed. On the other hand, there exists an abundance of information-valued
functions, the so-called information distances (e.g. see [6]), and therefore the prob-
lem of optimization of the evolution in information is well-posed. Thus, understanding
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which information distances lead to optimal solutions that can be described in terms of
an evolution operator can be useful for optimization of an information dynamic system.

The next section introduces notation and some main formulae for solutions to the
problem of maximizing expected utility of an abstract information resource. It will be
shown how a specific definition of information leads to a semigroup representation of
the solutions. Then we recall briefly some general facts from the theory of evolution
operators and semigroups. Properties of an information functional related to evolution
operators will be analyzed in the main section. It will be shown that an evolution oper-
ator and a semigroup can be constructed if subdifferential of an information functional
is an injective group homomorphism. Depending on the area of application, the gener-
ating operator of the semigroup is interpreted as a utility or payoff function, negative
loss, a fitness function or a replication rate. Finally, we shall discuss some potential
applications and future development of this work.

2 Notation and motivation

This section introduces the notation and representation of information systems in dual
linear spaces with their algebraic structures. Then we briefly recall some elements of
utility theory and the problem of maximizing expected utility of information.

2.1 Representation

In what follows, Ω will denote the set of all observable states of a system under
consideration. We assume that Ω is measurable with a σ -ring (or σ -algebra) of sub-
sets R ⊆ 2Ω . Under uncertainty, ω ∈ Ω is an elementary event of probability space
(Ω ,R, p), where p : R → [0,1] is a probability measure. We denote by P(Ω) the set
of all probability measures on Ω . We denote by Ep{x} the expected value of a ran-
dom variable x : Ω → R with respect to p ∈P(Ω), which in the case of countable or
uncountable Ω is defined as a sum or an integral as follows:

Ep{x} := ∑
ω∈Ω

x(ω)p(ω) , Ep{x} :=
∫

Ω

x(ω)d p(ω)

Following standard approach in functional analysis [4], we shall treat random vari-
ables and measures respectively as elements of linear spaces X and Y put in duality via
bilinear form 〈·, ·〉 : X ×Y → R, defined by the sum or the integral above. In particu-
lar, let Cc(Ω) be the space of continuous functions with compact support in a locally
compact topological space Ω . Then its dual is the space M (Ω) of Radon measures,
which includes σ -additive and regular Borel measures. We shall denote X := Cc(Ω)
and Y := M (Ω), or (with some abuse of notation) X will denote the dual of M (Ω)
(i.e.the second dual of Cc(Ω)). Thus, Ep{x} is the value of linear functional y(x) = 〈x,y〉
(or x(y) = 〈x,y〉), where x ∈ X , y = p ∈ Y = X ′ (x ∈ X = Y ′, y = p ∈ Y ).

Spaces X and Y have the following algebraic structures. Space X := Cc(Ω) is
an ordered, commutative, linear algebra (X ,+, ·,≤,R) with the pointwise binary op-
erations and ordering.1 The algebra X can be furnished with the Chebyshev norm

1 More generally, (X ,+, ·,≤,∗,C) is a non-commutative ∗-algebra. However, the involution ∗ is
trivial for R⊂ C and commutative multiplication.
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‖x‖∞ := sup |x(ω)|, and if Ω is compact, then X is complete and contains the unit
element 1(ω) = 1. Otherwise, X is not complete, and contains only an approximate
identity (i.e. a net of functions 1i(ω) = 1 on compact subsets of Ω ).

Space Y := M (Ω) contains commutative algebra X as a dense subset, and one
can define multiplication of elements y ∈ Y by x ∈ X so that Y is a module over X .2

In addition, space Y is ordered by the cone Y+ := {y : 〈x,y〉 ≥ 0 , ∀x ∈ X+}, dual of
X+ := {x : x≥ 0}, and furnished with the norm of absolute convergence ‖y‖1 := |〈1,y〉|,
dual of ‖·‖∞. Thus, the probability measures are positive elements y∈Y with ‖y‖1 = 1.
When the algebra X is commutative, the set P(Ω) := {y : y≥ 0 , ‖y‖1 = 1} is a simplex.

We shall return to the described above algebraic structures when we define a map-
ping from X into Y that is a homomorphism between the additive group (X ,+) and
multiplicative group (X+, ·)⊂Y . Let us discuss several results that motivated this work.

2.2 Utility

We assume that the set Ω of observable states (or events) has a preference relation .
(a total pre-order on Ω ), which has a utility representation — a function x : (Ω ,.)→
(R,≤) such that

a . b ⇐⇒ x(a)≤ x(b) ∀a,b ∈Ω

Thus, the quotient space Ω/ ∼ is metrizable by ρ([a], [b]) := |x(a)− x(b)|, separable
and complete, and therefore all probability measures on Ω/ ∼ are Radon (by Ulam’s
theorem).

The preference relation (Ω ,.) can be extended to P(Ω) by the expected utility:

q . p ⇐⇒ Eq{x} ≤ Ep{x}

Note that elements ω ∈ Ω are identified with elementary measures δω ∈ P(Ω) (the
Dirac δ -measures), and Eδω

{x} = x(ω). The expected utility is a common measure
of performance of a system under uncertainty used in numerous applications of game
theory [14], optimal control [3,18] and in evolutionary systems [5,15]. In fact, Ep{x} is
the only functional that extends (Ω ,.) to P(Ω) such that pre-order (P(Ω),.) ⊂ Y
is compatible with the vector space structure of Y (i.e. x . v implies x+w . v+w and
βx . βx for all β ≥ 0 and w∈ X) and is an Archimedian pre-order (βx . v for all β ≥ 0
implies x . 0) [14].

The preference relation . on P(Ω), induced by the expected utility, can be con-
sidered on the entire space Y with the half-space Hx := {y : 〈x,y〉 ≥ 0} as the wedge
of .-positive elements. The dual wedge H◦

x := {x : 〈x,y〉 ≥ 0 , ∀y ∈ Hx} is a ray
R+x := {βx : β ≥ 0}, generated by utility function x. Note that utility representation
x : (Ω ,.)→ (R,≤) is unique only up to an order isomorphism on (R,≤). In particular,
given two utility representations w and x of (Ω ,.), the element αw + βx, α,β ∈ R+
is also a utility representation of (Ω ,.). Therefore, the set of all utility representations
of (Ω ,.) is a wedge W ◦

., and it is the union of the rays ∪H◦
x = ∪R+x, generated by

2 In the non-commutative case, one considers Y as a left or right module under the left or right
multiplication by transposed elements of X .
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all utility functions for (Ω ,.). The (pre)-dual of W ◦
. is the intersection W. := ∩Hx

of the corresponding half-spaces. The wedges W ◦
. and W. generate partial pre-orders

on X and Y , because generally they are not reproducing (i.e. W ◦
.−W ◦

. ⊂ X). Two ele-
ments x and w are .-equivalent if and only if x−w ∈W ◦

. and w− x ∈W ◦
.. In this case,

〈x,y〉 = 〈w,y〉 for all y ∈W.. The pre-orders (X ,.) and (Y,.), generated by W ◦
. and

W., are clearly compatible with the vector space operations and are Archimedian, and
if functions x ∈W. are utility representations of (Ω ,.), then we shall refer to (X ,.)
and (Y,.) as utility pre-ordered spaces [2].

2.3 Utility of information

Information associated with observation of an event is often understood as a divergence
of posterior probability measure p from a prior p0, and it is represented by some infor-
mation distance I : P×P →R+∪{∞}. Important examples of information distances
include distance in variation, Fisher information metric and the Kullback-Leibler diver-
gence defined as [12]:

IKL(p,q) := Ep{ln(p/q)}
Unlike a measure of performance (expected utility), the choice of information mea-

sure is less certain. For this reason, one can consider a rather general concept of in-
formation resource, which is defined simply as some closed (lower semi-continuous)
functional F : Y → R∪ {∞} such that its restriction to P(Ω) ⊂ Y coincides with a
chosen information distance F(y)|P = I(y,y0). Thus, a number of results can be ob-
tained in general form and then specialized by associating F(y) with a specific I(y,y0).
In particular, an information resource associated with IKL can be defined as follows:

FKL(y) :=

 〈ln(y/y0),y〉−〈1,y− y0〉 , if y > 0 and y0 > 0
〈1,y0〉 , if y = 0 and y0 > 0
∞ , otherwise

(1)

Observe that the information resource can be a non-linear functional with effective do-
main domF := {y : F(y) < ∞} being a proper subset of space Y .

We consider systems with a performance measure and information used as a bounded
resource. The former is given by a linear functional x(·) = 〈x, ·〉, and the latter by a
closed functional F(·). An optimal learning system maximizes the performance for a
given information amount. Thus, our interest will be in the systems with performance
defined by the following optimal value function x : R→ R:

x(λ ) := sup{〈x,y〉 : F(y)≤ λ} (2)

with x(λ ) :=−∞ if λ < infF , and x(∞) = ∞ for some x. Function x(λ ) is a generaliza-
tion of the Stratonovich utility of information [20].

Optimal values x(λ ) are conditional extrema 〈x,y(β )〉 that are achieved by solutions
y(β ) to problem (2). The following are necessary and sufficient optimality conditions,
which can be found using the standard method of Lagrange multipliers (see [1] for
derivation):

y(β ) ∈ ∂F∗(βx) , F(y(β )) = λ , β
−1 ∈ ∂x(λ ) , β

−1 > 0 (3)
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where ∂F∗ : X → 2Y is subdifferential ∂F∗(x) := {y : F∗(w)≥F∗(x)+〈w−x,y〉 , ∀w∈
X} of convex functional F∗(x) := sup{〈x,y〉−F(y)} (i.e. the Legendre-Fenchel dual
of F). In particular, if F is defined by equation (1), then ∂FKL(y) = ln(y/y0). Thus,
∂F∗

KL(x) = ex y0, and the dual of FKL can be defined as

F∗
KL(x) := 〈1,ex y0〉 (4)

The first of conditions (3) give optimal solutions as a one-parameter exponential family

y(β ) = eβx y0 (5)

Normalization p := y/‖y‖1 of optimal measures (5) with respect to ‖ ·‖1 = |〈1, ·〉| gives
a one-parameter exponential family of probability distributions with density

p(β ) = eβx−Ψx(β ) y(0) (6)

where Ψx(β ) := lnF∗
KL(βx) is the cumulant generating function. Its first derivative

Ψ ′
x (β ), in particular, is the expected value Ep(β ){x}= 〈x, p(β )〉.

Equations (5) and (6) correspond to the following differential equations

y′(β ) = xy(β ) , p′(β ) = [x−〈x, p(β )〉] p(β ) (7)

The first equation is linear, while the second defines the so-called log-linear dynam-
ics, and it is known as the replicator equation in population dynamics [15]. Note that
x(ω), interpreted as a replication rate or a fitness function, may depend on p(ω) in
general case. Thus, we have obtained these dynamics as particular cases of the optimal
information utility evolution. An important difference, however, is that the evolution
is considered with respect to parameter β , which is the inverse of Lagrange multiplier
related to the information constraint F(y)≤ λ .

At this point we note that exponential formula (5) is the Crandall-Liggett represen-
tation of a semigroup of operators, generated by operator x. Thus, optimal dynamics
of the Kullback-Leibler information can be considered from the point of the theory of
evolution operators and semigroups for the corresponding Cauchy problem. In the next
section, we shall recall some basic definitions of this theory. Then we shall identify
properties of the information resource functional that lead to an evolution operator or a
semigroup. We then consider several potential applications.

3 Evolution operators and semigroups

Theory of evolution operators and semigroups is an important tool in the study of so-
lutions to differential equations and dynamical systems they describe. Here, we recall
some basic definitions and facts [17,16].

Definition 1 (Evolution operator). Let D(t)⊂ Y denote a subset of linear space Y at
t ∈ [0,T ]. An evolution operator U(t,s) : D(s)→ D(t) is a family {U(t,s), 0≤ s≤ t ≤
T} of (possibly non-linear) operators, which satisfy the following properties:

1. U(s,s) = idY for s ∈ [0,T ].
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2. U(t,s)◦U(s,r) = U(t,r) for 0≤ r ≤ s≤ t ≤ T .
3. The mapping t 7→U(t,s)y is continuous on [s,T ] for each y ∈ D(s).

The theory of evolution operators studies conditions when y(t) = U(t,s)z is an in-
tegral solution of the following Cauchy problem

y′(t) ∈ A(t)y(t) , y(s) = z ∈ D(A(s)) , s≤ t ≤ T (8)

where A(t) : D(A(t))⊂Y → 2Y is a (possibly non-linear and multivalued) operator with
t-dependent domain. The case when A is t-independent is called autonomous, and in
this case S(t) := U(t,0) is a (possibly nonlinear) semigroup of operators generated by
operator A.

Definition 2 (Semigroup). Let D ⊂ Y be non-empty. A semigroup is a function S(t) :
D→ D, t ≥ 0, which satisfies the following properties:

1. S(0) = idY .
2. S(t + s) = S(t)◦S(s) for t, s≥ 0.
3. limt↓0 S(t)y = y for all y ∈ D.

A generating operator of the semigroup S(t) is A : D⊂ Y → 2Y such that:

Ay = lim
t↓0

S(t)y− y
t

for those y ∈ D for which the limit exists. An important role in the theory is played by
accretive and dissipative operators. Thus, A is accretive and −A is dissipative if

‖y1− y2‖ ≤ ‖y1− y2 +λ (Ay1−Ay2)‖

for all y ∈ D, λ ≥ 0.
Accretivity is closely related to monotonicity. If X and Y are linear spaces in duality,

then an operator (subset) A⊂ X ×Y is said to be monotone if

〈x1− x2,y1− y2〉 ≥ 0 , ∀(xi,yi) ∈ A

and it is maximal monotone if B⊂ A for any other monotone B⊂ X×Y . An example of
a maximal monotone operator is subdifferential of a convex function [11,19]. In the case
when X = Y (i.e. if X is a Hilbert space), monotone and accretive operators coincide.

Finally, we remind the fundamental result of Crandall-Liggett on the generation of
semigroup S(t): If A−λ I is dissipative (here I is the identity operator), and satisfies the
range condition R(I−λA)⊃ D(A) for small λ > 0, then there exists a semigroup S(t)
generated by A via the following exponential formula:

S(t)y = lim
n→∞

(
I− t

n
A
)−n

y = etA y , y ∈ D(A) , t ≥ 0 (9)

The function y(t) = S(t)z is an integral solution to the Cauchy problem y′(t) = Ay(t),
y(0) = z ∈ D(A), t ≥ 0. We can now consider the optimal dynamics of an information
system from the point of evolution operators and semigroups.
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4 Properties of information

As mentioned earlier, we consider information as a resource defined by some closed
functional F : Y → R∪ {∞} such that its restriction to P(Ω) coincides with an in-
formation distance I(p,q) = F(p), infF |P = F(q). We shall now analyze properties
of information such that optimal solutions are described by an evolution operator or a
semigroup.

4.1 Monotonicity

The dual functional F∗(x) := sup{〈x,y〉 − F(y)} to F is always closed and convex
[13,19], and therefore ∂F∗⊂X×Y is a maximal monotone operator. This fact allows us
to prove the first important property of the optimal value function (2), because optimal
solutions (3) are defined by ∂F∗ evaluated on the ray {βx : β ≥ 0}. We shall denote by
supx F the supremum of F in the direction of x, which is the value F(δx) at δx ∈ domF
such that x(supF) = 〈x,δx〉. Note that generally supx F ≤ supF .

Theorem 1. The optimal value function x(λ ), defined by equation (2) for closed F :
Y → R∪{∞} and x 6= 0, is concave and strictly increasing on the open interval λ ∈
(infF,supx F).

Proof. Let y(β1), y(β2) be solutions to problem (2) with constraints λ1 ≤ λ2 respec-
tively. We use the facts that F∗ is convex, y(β )∈ ∂F∗(βx), and function x(λ )= 〈x,y(β )〉
is isotone (non-decreasing) by the inclusion {y : F(y)≤ λ1} ⊆ {y : F(y)≤ λ2} for any
λ1 ≤ λ2.

〈x1− x2,y1− y2〉 ≥ 0 , ∀yi ∈ ∂F∗(xi)
=⇒ (β2−β1)〈x,y(β2)− y(β1)〉 ≥ 0 , by y(β ) ∈ ∂F∗(βx)
=⇒ β1 ≤ β2 , by 〈x,y(β2)− y(β1)〉 ≥ 0
=⇒ λ 7→ β−1 ∈ ∂x(λ ) is antitone
=⇒ x(λ ) is concave
=⇒ x(λ ) is strictly increasing if λ ∈ (infF,supx F)

ut

Strict monotonicity of function x(λ ) means that it is order-isomorphism between
λ ∈ (infF,supx F) and the optimal values 〈x,y(β )〉. We shall now show that this prop-
erty is related to the fact that subdifferentials ∂F∗ or ∂F∗∗ possess a much stronger
property than just monotonicity — they implement pre-order isomorphisms between
domF∗ ⊂ (X ,.) and domF ⊂ (Y,.), where pre-orders (X ,.) and (Y,.) are induced
from preference relation (Ω ,.). Recall that dual spaces X and Y can be utility pre-
ordered using the wedge W ◦

. ⊂ X of utility functions for (Ω ,.) and W. ⊂Y . The proof
uses Galois connection between pre-ordered sets, and we remind its definition.

Definition 3 (Galois connection). The pair ( f ,g) of mappings f : X →Y and g :Y →X
is said to set up an isotone Galois connection between pre-ordered sets (X ,.) and
(Y,.) if

f (x) . y ⇐⇒ x . g(y)

where mappings f , g of ( f ,g) are called lower and upper adjoints respectively.
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We point out that mappings f and g of isotone Galois connection ( f ,g) are (expect-
edly) isotone: w . x implies f (w) . f (x) and z . y implies g(z) . g(y). In addition, the
lower adjoint preserves all existing suprema, while the upper adjoint preserves all exist-
ing infima in their domains (e.g. see Proposition 7.31 in Chapter 7 of [7]). A pre-order
isomorphism, however, should preserve both suprema and infima. The proof is based
on the fact that f and g are pre-order isomorphisms if and only if both ( f ,g) and (g, f )
are isotone Galois connections (i.e. each of f , g are both lower and upper adjoints).

Theorem 2. Let (X ,.) and (Y,.) be a dual pair of linear spaces with dual Archi-
median pre-orders.3 Let F : Y → R∪{∞} be a closed functional, F∗ and F∗∗ be its
first and second dual respectively. Then the subdifferential mappings ∂F∗ : X → 2Y and
∂F∗∗ : Y → 2X implement pre-order isomorphisms between the sets (domF∗,.) and
(domF,.).

Proof. Let us first show that ∂F∗ is a lower and ∂F∗∗ is an upper adjoint of isotone
Galois connection (∂F∗,∂F∗∗) in the sense that for any z ∈ ∂F∗(x) and w ∈ ∂F∗∗(y):

∂F∗(x) 3 z . y ⇐⇒ x . w ∈ ∂F∗∗(y)

Observe that z satisfies conditions (3) (i.e. z∈ ∂F∗(βx), β = 1, F(z) = λ ), and therefore
it is a solution to problem x(λ ) = sup{〈x,y〉 : F(y)≤ F(z)} with utility x ∈W ◦

..

(⇒) Condition ∂F∗(x) 3 z . y implies y− z ∈ W. and 〈x,y− z〉 ≥ 0, because x ∈
W ◦

.. Also, 〈w,y− z〉 ≥ 〈x,y− z〉 ≥ 0 for any w ∈ ∂F∗∗(y) by monotonicity 〈w− x,y−
z〉 ≥ 0, and therefore w ∈W ◦

. := {x : 〈x,y− z〉 ≥ 0 , ∀y− z ∈W.}. Thus, x and w are
comparable. Because (X ,.) is Archimedian, we can consider βx ∼ w ∈ ∂F∗∗(y) (i.e.
βx−w ∈W ◦

. and w−βx ∈W ◦
.). Thus, 〈w,y− z〉= 〈βx,y− z〉, and using monotonicity

〈w−x,y−z〉 ≥ 0 we have (β −1)〈x,y−z〉 ≥ 0. Thus, β ≥ 1 and x . βx∼w∈ ∂F∗∗(y).

(⇐) Condition x . βx ∼ w ∈ ∂F∗∗(y) implies β ≥ 1. Therefore, (β −1)〈x,y− z〉 ≥ 0
and 〈x,y− z〉 ≥ 0, and in fact 〈w,y− z〉 ≥ 0 for any w ∈W ◦

..4 Thus, y− z ∈W. and
∂F∗(x) 3 z . y.

It is shown in the same manner that ∂F∗∗(y) . x ⇐⇒ y . ∂F∗(x), and therefore
∂F∗ is an upper and ∂F∗∗ is a lower adjoint of isotone Galois connection (∂F∗∗,∂F∗).
Therefore, because each of the subdifferentials ∂F∗ and ∂F∗∗ is both lower and upper
adjoint of isotone Galois connections, they preserve all existing suprema and infima,
and therefore they are pre-order isomorphisms of domF∗⊂ (Y,.) and domF∗∗⊂ (X ,.
). Observe also that domF ⊆ domF∗∗, which proves the theorem. ut

3 Should be ‘with dual utility pre-orders’. That is, each element x ∈ X (a utility function on
(Ω ,.)) is considered as pre-order unit (x ∈ Int(W ◦

.)), and then (X ,.), (Y,.) are dual pre-
orders, generated by the corresponding wedges.

4 It is assumed here that 0 . x. If x . 0, then 0 .−x and −〈x,y− z〉 ≥ 0.
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The diagram below shows pre-order isomorphisms between the set Ω of elementary
events, set X of utility functions and set Y of measures.

(Ω ,.)
x

zzuuuuuuuuu
y

$$HH
HH

HH
HH

H

(X ,.)
∂F∗

// (Y,.)
∂F∗∗oo

Note that subdifferential mappings ∂F∗ : X → 2Y and ∂F∗∗ : Y → 2X generally corre-
spond to multi-valued mappings between domF∗ ⊂ X and domF∗∗ ⊂ Y , and therefore
they may not establish a bijection between these sets.

4.2 Continuity

Let {y(λ )}x ⊂ Y be the family of optimal solutions to problem (2) for all values λ =
F(y). The optimality conditions (3) allow us to identify each y(λ ) with some elements
of the family {y(β )}x := {y(β )∈ ∂F∗(βx) : β ≥ 0}. Indeed, y(λ )∈ F−1(λ )∩{y(β )}x.
Note that for each λ (β ), there are generally several elements of the family {y(λ )}x
({y(β )}x). Consider functions γ : λ 7→ y(λ ) ∈ {y(λ )}x and σ : β 7→ y(β ) ∈ {y(β )}x.
We shall refer to γ(λ ) and σ(β ) respectively as natural and canonical parametrization
of solutions to problem (2). The conditions, under which these parametrizations are
continuous functions, are as follows.

Theorem 3. Let X and Y be locally convex spaces in duality, and let F : Y → R∪{∞}
be a strictly convex function that is finally bounded on the neighborhood of some point.
Then natural and canonical parametrizations γ(λ ) and σ(β ) of solutions to problem
x(λ ) = sup{〈x,y〉 : F(y)≤ λ} are unique and continuous for each x ∈ X. If in addition
F∗(x) = sup{〈x,y〉−F(y)} is strictly convex, then γ(λ ) and σ(β ) are isomorphic.

Proof. We remind that if F : Y → R∪{∞} is a proper convex function that is finitely
bounded on the neighborhood of some point, then F is continuous on the interior of
its effective domain [13]. Thus, because F(y) = λ for any solution y, continuity of F
implies that any natural parametrization γ(λ ) = y must be an open and closed mapping.
Furthermore, γ(λ ) is also injective, because F(y) = λ is single-valued. Thus, γ(λ ) is
continuous if its inverse is also injective (i.e. if γ(λ ) is an open and closed bijection).5

Assume that γ−1 is not injective: γ−1(y) = γ−1(z) and y 6= z. Because y and z are solu-
tions for some λ , they are elements of subdifferential ∂F∗(βx) by conditions (3). In this
case, F is not strictly convex on the interval [y,z]⊂ ∂F∗(βx). Dually, strict convexity of
F implies that γ−1 is injective, and natural parametrization γ(λ ) is continuous. More-
over, it is unique, because for strictly convex F subdifferentials ∂F∗(βx) are singletons
for each βx ∈ domF∗.

5 The inverse function γ−1(y) = λ is continuous, its image is Hausdorff, and its domain is a
collection of weakly compact sets ∂F∗(βx) ⊂ Y . In this case, the fact that it is a bijection
implies continuity of γ(λ ) = y.
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Canonical parametrization σ(β ) = y ∈ ∂F∗(βx) may be discontinuous only if sub-
differential ∂F∗ at some βx contains more than one element. Indeed, ∂F∗(βx)⊂Y is a
non-empty, closed convex set if βx ∈ domF∗ (e.g. see [19], page 34), and if ∂F∗(βx)
contains more than one element, then Int(∂F∗(βx)) is non-empty and open, but its
pre-image {βx} is closed. Conversely, if F is strictly convex, then ∂F∗(βx) is a sin-
gleton set for each βx ∈ domF∗, and in fact F∗ is Gâteaux differentiable for each
βx ∈ Int(domF∗) (e.g. see [21], Chapter 2, Section 4.1). Therefore, strict convexity
of F implies that canonical parametrization σ(β ) is continuous and unique.

Uniqueness of parametrizations γ(λ ) and σ(β ) of optimal solutions implies that
their images coincide. Their domains are related by the mapping λ 7→ β−1 ∈ ∂x(λ ),
where ∂x(λ ) is a supdifferential of the concave function x(λ ). For strictly convex F
this mapping is injective, because ∂F∗(βx) is a singleton {y(β )}, and F(y(β )) = λ is
single-valued. The inverse mapping β−1 7→ λ = F(y(β )) is injective only if ∂x(λ ) is
a singleton {β−1} for each λ (or if ∂F(y(β )) = {βx}). In particular, this is the case
when F∗ is strictly convex. Therefore, strict convexity of F and F∗ implies that there is
a bijection between λ and β−1, so that γ(λ ) and σ(β ) are isomorphic. ut

4.3 Additivity

In this section, we show that monotone operator ∂F∗ with an additional algebraic prop-
erty defines an evolution operator acting in Y . Let us equip spaces X and Y with asso-
ciative binary operations ⊕ : X ×X → X and � : Y ×Y → Y , and let G⊆ X and H ⊆ Y
be subsets, where ⊕ and � admit inverse elements:

x⊕ x−1 = x−1⊕ x = e⊕ , y� y−1 = y−1� y = e�

Thus, (G,⊕) and (H,�) are groups, in which e⊕ and e� are the units (neutral elements).
The additional property we shall require is that ∂F∗ : X → 2Y is a group homomor-
phism:

∂F∗(x⊕w) 3 ∂F∗(x)�∂F∗(w) , ∂F∗(e⊕) 3 e� , ∂F∗(x−1) 3 (∂F∗(x))−1

Note that the first property implies the other two. Using the property ∂F∗(x) 3 y if and
only if x ∈ ∂F∗∗(y), one can show that ∂F∗∗ : Y → 2X is also group homomorphism.
An evolution operator can be constructed as follows.

Theorem 4. Let ∂F∗ : X → 2Y be a group homomorphism between (G,⊕) ⊆ domF∗

and domF∗∗ ⊆ (H,�) such that ∂F∗(e⊕) = {e�}, and let x(t) ⊂ domF∗ be a con-
tinuous function on t ∈ [0,T ]. Then the mapping U(t,s) : domF∗∗ → domF∗∗ defined
as

U(t,s)z := ∂F∗(x(t)⊕ (x(s))−1)� z , 0≤ s≤ t ≤ T

is an evolution operator. If function x(t) is group homomorphism x : (R,+)→ (G,⊕),
then the function S(t) := U(t,0) is a semigroup.

Proof. Condition ∂F∗(e⊕)= {e�} implies that the inverse group homomorphism ∂F∗∗ :
Y → 2X is injective. Indeed, its kernel is the singleton set {e�}. Therefore, ∂F∗(x) =
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{y} for each x∈ domF∗, and canonical parametrization σ(β ) = y∈ ∂F∗(βx) is contin-
uous and unique for each x (Theorem 3). Because x(t) is continuous by our assumption,
we conclude that the mapping t 7→ ∂F∗(x(t)) is continuous.

Using x⊕ x−1 = e⊕ and properties of group homomorphism, we have:

U(s,s)z = ∂F∗(x(s)⊕ (x(s))−1)� z = ∂F∗(e⊕)� z = e�� z = z

U(t,s)◦U(s,r)z = ∂F∗(x(t)⊕ (x(s))−1)�∂F∗(x(s)⊕ (x(r))−1)� z

= ∂F∗(x(t)⊕ (x(s))−1⊕ x(s)⊕ (x(r))−1)� z

= ∂F∗(x(t)⊕ (x(r))−1)� z = U(t,r)z

Thus, U(t,s) is an evolution operator.
If x(t + s) = x(t)⊕ x(s), then

U(t,s)z = ∂F∗(x(t)⊕ (x(s))−1)� z

= ∂F∗(x(t)⊕ (x(s))−1⊕ (x(s))−1⊕ x(s))� z

= ∂F∗(x(t− s)⊕ (x(s− s))−1)� z = U(t− s,0)z

In this case, S(β ) := U(β ,0), β = t− s≥ 0, is a semigroup. ut

One can define adjoint evolution operator U∗(t,s) : X → X using group homomor-
phism ∂F∗∗ : (Y,�)→ (X ,⊕) as follows

U∗(t,s)w := ∂F∗∗(y(t)� (y(s))−1)⊕w , 0≤ s≤ t ≤ T

and with additional conditions ∂F∗∗(e�) = {e⊕} and y(t)⊂ Y being continuous.
Let us consider the commutative algebra X := Cc(Ω), where ⊕ and � are the usual

pointwise operations. As discussed earlier, its dual space Y := M (Ω) is a module over
X ⊂ Y . In this case, G = (X ,⊕) with e⊕ = 0 ∈ X , and H = (X \ {0},�) ⊂ Y with
e� = 1 ∈ Y (called the reference measure). We remind that an exponential function
exp : X → X is the unique (up to the base constant) homomorphism between the addi-
tive and multiplicative groups of X . This fact suggests that functionals F on Y := M (Ω)
such that their subdifferential operators are ∂F = ln, the inverse of ∂F∗ = exp, are the
only representations of information resource such that the optimal information dynam-
ics is described by an evolution operator. One such representation is FKL, defined by
equation (1).

We note the condition of continuity of x(t) in Theorem 4. For example, if x(t) = tx,
then (sx)−1 =−sx and tx⊕ (sx)−1 = (t− s)x. In this case, S(β ) := U(β ,0), β = t− s≥
0, is a semigroup of operators acting in Y . Similarly, if y(t) = yt , then (ys)−1 = y−s and
yt � y−s = yt−s. In this case, S∗(β ) = U∗(β ,0) is a semigroup of operators acting in X .
Thus, in the autonomous case, the semigroups have the following forms

S(β )z = eβx z , S∗(β )w = β lny+w

Semigroup S(β ) = eβx defines canonical parametrization σ(β ) = S(β )z of optimal
solutions (5) to problem (2) maximizing the utility of information FKL. One can see
from the Crandall-Liggett exponential formula (9) that element x ∈ X is the generator
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of S(β ), and it is the gradient of affine functional ϕ(y) = 〈x,y〉+ α . The generator x
of the semigroup can have various interpretations. In economics and game theory, x is
a utility or a payoff function; in mathematical statistics and estimation, −x is called a
loss or cost function; in evolutionary theory, x has the meaning of a fitness function or
reproduction success.

The corresponding Cauchy problems are defined by differential equations (7). It
is important to note, however, that these equations describe evolution in parameter β ,
which is the inverse of Lagrange multiplier β−1 = dx(λ )/dλ , where λ = FKL(y) is
information.

5 Discussion

In this paper, we studied the relation between evolution operators and optimal solutions
to a problem of maximizing expected utility of an abstract information resource. We
established that solutions are defined by an evolution operator if subdifferential operator
of a functional representing information resource is an injective group homomorphism.
For the algebra of continuous functions with compact support, which plays an important
role in applications of mathematical statistics and probability theory, this property is
satisfied only if the subdifferential is a logarithm function, such as subdifferential of the
Kullback-Leibler information (or relative entropy). Note that this property also implies
additivity of information (i.e. IKL(yz,y0z0) = IKL(y,y0)+ IKL(z,z0)).

In the autonomous case, optimal dynamics in information is defined by a semi-
group. Its generating operator can be interpreted as a utility, payoff, fitness function or
reproduction rate depending on the area of application. States (positive measures) of an
information system may represent subjective probabilities, belief functions, strategies
or frequencies of individuals in populations. The corresponding differential equations
suggest that states of an optimal information systems change with information propor-
tionally to the generator.

One interesting application of this relation is elicitation or estimation of an unknown
utility function of a player in a game. In a zero-sum game between two players A and B,
utility uA of one player completely defines utility uB of another, because uA + uB = 0.
However, this is not the case in a game with more than two players or in a non zero-sum
game. The semigroup property of information dynamics suggests that utility functions
can be estimated by observing changes in strategies of different players. Similarly, one
can estimate a fitness function in a biological system by observing changes in frequen-
cies of certain genes in a population.

Problems of optimal control of an information system can be understood better if
their evolution is considered with respect to information rather than time. Indeed, the
traditional approach of maximization of their performance in time is an extremely dif-
ficult or even intractable task. This difficulty can be related to the fact that sates of an
information system are represented by positive measures (e.g. normalized measures in
P(Ω)), and generally it is impossible to say how long does it take to transfer an infor-
mation system from one state to another. On the other hand, one can easily define an
information distance between the states, and the problem of optimal evolution in infor-
mation can be solved at least in principle. One future direction of this work is optimal
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control of reproduction operators in evolutionary systems (i.e. biological or artificial
life systems), such as optimal control of mutation rate and recombination strategies.
The methods developed can help in optimization of other systems with dynamic infor-
mation.
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