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Combining Local Filtering and Multiscale Analysis
for Edge, Ridge, and Curvilinear Objects Detection
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Abstract—This paper presents a general method for detecting
curvilinear structures, like filaments or edges, in noisy images. This
method relies on a novel technique, the feature-adapted beamlet
transform (FABT) which is the main contribution of this paper. It
combines the well-known Beamlet transform (BT), introduced by
Donoho et al., with local filtering techniques in order to improve
both detection performance and accuracy of the BT. Moreover,
as the desired feature detector is chosen to belong to the class of
steerable filters, our transform requires only � ���� �� oper-
ations, where � � is the number of pixels. Besides providing
a fast implementation of the FABT on discrete grids, we present a
statistically controlled method for curvilinear objects detection. To
extract significant objects, we propose an algorithm in four steps:
1) compute the FABT, 2) normalize beamlet coefficients, 3) select
meaningful beamlets thanks to a fast energy-based minimization,
and 4) link beamlets together in order to get a list of objects. We
present an evaluation on both synthetic and real data, and demon-
strate substantial improvements of our method over classical fea-
ture detectors.

Index Terms—Beamlet transform, curvilinear objects, edge, fea-
ture, Radon transform, ridge, statistical detection, steerable filters.

I. INTRODUCTION

T HE problem of detecting curvilinear objects in images
arises in various areas of image processing and computer

vision since such kind of objects occur in every natural and syn-
thetic images, like roads and streams in remote sensing images,
human vasculature in medical imaging, or filamentary structures
in biological microscopy. Edges can be also perceived as curvi-
linear objects since they describe discontinuities along curves
[11]. Therefore, detection of such features is probably one of
the most important step toward object recognition and shape
analysis.

Commonly, curvilinear objects are considered as 1-D man-
ifolds that have a specific transverse profile running along a
smooth curve. The shape of this profile may be an edge- or a
ridge-like feature. It can also be represented by more complex
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designed features. In the context of biological imaging, the di-
ameter of structures such as microtubules or DNA molecules for
instance is about 3 nm, which is far smaller than the point spread
function (PSF) width of any standard microscope. Hence, it is
acceptable to consider the transverse profile of such filaments to
be approximated by a PSF model [46].

One way to detect curvilinear objects is to track locally the
feature of the line profile; linear filtering or template matched
filtering are well-known techniques for doing so. The classical
Canny edge detector [14] is based on such linear filtering tech-
niques. It involves the computation of correlations with shifted
and/or rotated version of the feature template at every point in
the image. Filtering is usually followed by a nonmaxima sup-
pression and a thresholding step. These two processes yield a
set of pixels which have to be linked together with a contour
tracing algorithm. This final step may be tedious and has a high
complexity [16].

Recently, optimized detectors have been proposed [35] that
out-perform classical feature detectors like Canny edge detector
or Hessian-based filter for ridge detection [25]. Authors define a
general approach for the design of 2-D feature detectors from a
class of steerable filters [27]. In this framework, a convolution of
an image with a steerable filter of arbitrary orientation is equal
to a finite weighted sum of convolutions of the same image with
a limited number of basis filters, which are independent of the
filter’s orientation. They consider an th-order detector of the
form

(1)

where is a Gaussian function. The ’s are obtained
by optimization of a Canny-like criterion. Due to the steerable
ability of such filters, the authors derive the filter’s orientation
that gives the highest response by solving an th-order poly-
nomial equation at every point in the image. This technique
yields to a significant performance improvement over classical
approaches, without any relevant computational time increase.
The major drawbacks of the above approaches come from the
fact that linear filtering is based on local operators: it is highly
sensitive to noise but not sensitive to the underlying smoothness
of the curve, which is a typical nonlocal property of curvilinear
objects.

Alternatively, line detection can be performed with the Radon
transform. Also known as the Hough transform in the case of
discrete binary images, it performs a mapping from the image
space into a line parameter space by computing line integrals.
Formally, the continuous Radon transform of a 2-D image ,
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denoted as , is defined as the line integral of along
a line oriented along an angle and at distance from the origin

(2)
Peaks in the parameter space reveal potential lines of interest.
This is a very reliable method for detecting bright lines in noisy
images. However, there are several limitations. First this trans-
form cannot be used to detect lines carrying a specific line pro-
file for it only integrates image intensity along thin lines; it
cannot make any difference for instance between a line passing
over a real linear structures and a line passing through a bright
spot. Moreover, Radon transform computes line integrals on full
lines that pass through the whole image domain and does not
take into account shorter segments.

Direct evaluation of line integrals on the complete set of all
segments in a given image is computationally untracktable. In-
deed, given an image of pixels, the number of pos-
sible line segments defined is in . One of the methodolo-
gies proposed to address this problem is the Beamlet transform
[22], [23]. This transform belongs to the multiscale analysis
family which aims at describing the image, or some components
therein, as an atomic decomposition into a given basis [40].
Wavelet transform [17], [37], ridgelet transform [10], [19] and
curvelet transform [11] are well-known multiscale analysis tools
used in image approximation [12], [13], image compression
[18], blind source separation [8] or image restoration [41], [45].
Several directionally adaptive transforms (bandelets [36], con-
tourlets [20], directionlets [43]) derived from multiscale anal-
ysis have been proposed recently to optimally represent images
containing multidirectional structures. These transforms have
been applied successfully to data compression, texture analysis
and denoising. For detection purposes, Beamlet transform has
shown good performances for segments and curves extraction
[1], [24], [30], [33], [42]. It defines a set of dyadically organized
line segments occupying a range of dyadic locations and scales,
and spanning a full range of orientations. This system of line
segments, called beamlets, have both their end-points lying on
dyadic squares that are obtained by recursive partitioning of the
image domain (see [23] for complete details). The collection of
beamlets has a cardinality. The underlying idea
of the Beamlet transform is to compute line integrals only on
this smaller set, which is an efficient substitute of the entire set
of segments for it can approximate any segment by a finite chain
of beamlets. Thereafter, beamlet chaining technique provides a
reliable way to approximate segments or any piecewise constant
curves [2], [31], [32], [34]. Beamlet transform can be viewed
as a multiscale Radon transform: they both integrate image in-
tensity along line segments. As they cannot take into account
line profile, edge- or ridge-like feature for instance, they are not
well-adapted to detect curvilinear objects carrying a specific line
profile.

The main contribution of this paper is to propose a method for
doing so. It combines the Beamlet transform with local filtering
technique in order to introduce what we call the feature-adapted
beamlet transform (FABT). This approach proposes a general
way to efficiently incorporate line profiles, such as edge- or

ridge-like feature, into Radon and Beamlet transforms. FABT
will be presented in Section II and a fast implementation on
discrete grids will be provided. Section III presents a FABT-
based fully automated detection method of curvilinear objects
such as contours or filaments, with a statistical control over
false positives. Section IV proposes experiments on synthetic
data demonstrating substantial improvements of the FABT over
the classical Beamlet transform. These improvements concern
both good detection performance and angular accuracy. We also
present some edge and ridge detection results on real data im-
ages. Section V concludes the paper.

II. FEATURE-ADAPTED BEAMLET TRANSFORM

The main contribution of this paper is to propose a general
way to incorporate any line profile, such as edge or ridge feature,
into the Beamlet transform. This is done by integrating these
profile into Radon lines, for it is the internal tool used to compute
such transform.

A. Continuous Feature-Adapted Radon Transform

Let be an image defined on a sub-space of and let
be a feature detector designed to filter specifically a 2-D line
profile, for instance, an edge, a ridge or a more complex image
feature. For detection purposes, this filter should have the ability
to detect the feature for which it has been designed whatever the
level of background intensity. Hence, should be a band-pass
filter of null mean

(3)

Let be a rotated version of along the direction

(4)

where is the 2-D rotation matrix of angle . In a first step, we
filter the image with before computing a Radon coefficient
thanks to (2). This filtering step will enhance structures oriented
at an angle and carrying the specific line profile, while getting
rid of other structures in the image. For any distance from the
origin, we have

(5)

A high coefficient means that the local feature oriented at an
angle runs significantly along the line . We call (5) the
feature-adapted Radon transform. In general, the computation
of all these coefficients is not conceivable, since it requires to
convolve the image as many times as the number of ’s. For
the special case where is selected to be within the class of
steerable filters [27], we can write as a linear combination of
basis filters

(6)

where ’s are interpolation functions that only depend on and
the basis filters ’s are independent of . A convolution of an
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image with a steerable filter of arbitrary orientation is equal to a
finite weighted sum of convolution of the same image with the
basis filters. As a result

(7)

Thanks to this result, (5) reduces to a linear combination of clas-
sical Radon transforms applied on filtered version of image .
In the next section, we will see how to implement this scheme
on discrete grids.

B. Implementation on Discrete Grids

1) Discrete Radon Transform: Much attention has been
given over the last twenty years to adapt the classical Radon
transform to digital arrays, i.e., when is represented by a
discrete array . Intuitively, if
we consider the number of Radon coefficients to be of the same
order as the number of pixels of the image, a straightforward
implementation requires operations. This complexity
is not conceivable for practical applications. Recently, a novel
Fourier-based approach has been proposed in order to compute
the discrete Radon transform [4] in a fast and accurate way.
The method relies on a discrete Fourier slice theorem, which
associates the discrete Radon transform with the pseudo-polar
Fourier transform. The algorithm is fast since it computes the
2-D discrete Radon transform using operations,
where is the number of pixels in the image. According
to this methodology, a basically horizontal line is a line of the
form , where is the intercept value on

-axis and the slope (In the following, comple-
mentary set of basically vertical lines of form
is treated identically). The discrete Radon transform associated
with such line set is defined as

(8)

where is an interpolant, that takes discrete values in
the first argument and continuous values in the second argu-
ment. The 1-D interpolation is realized thanks to a Dirichlet
kernel (see [4] for complete details). The parameterization of
the Radon space is chosen as follows: one considers only the
lines having an intercept and the set of angles

. According to this set
of angles, the fundamental property of (8) is driven by the fol-
lowing result:

Theorem 1 (Projection-Slice Theorem): Define the 2-D
Fourier transform of the array I via

Fig. 1. Pseudo-polar grid for � � �.

where . Then, for each fixed
, , the numbers

are a 1-D discrete Fourier transform pair with the numbers

The key point of this theorem relies on the special nature of
the angles chosen above. Using Theorem 1, one has a con-
nection between Radon values and a set of spatial frequencies

with and
. This is a special non-Cartesian point set in frequency

domain which has been known as the pseudo-polar grid, and is
depicted in Fig. 1.

This point set can be efficiently computed according to the
pseudo-polar fast Fourier transform [3], noted . is an
array of rows by columns where the th column refers to the
values , . Hence, thanks
to Theorem 1, the discrete Radon transform of(8) is reduced to

, where denotes the 1-D inverse Fourier trans-
form performed on each column of . In that methodology,
the number of Radon coefficients is ( for basically hori-
zontal lines and for basically vertical lines).

2) Discrete Feature-Adapted Radon Transform: We choose
the methodology described above to implement the Feature-
adapted Radon transform on discrete grids. Using the discrete
definition introduced in previous paragraph, we rewrite (5) as

(9)

We state the following result.
Proposition 1: For each fixed ,

, the numbers

are a 1-D discrete Fourier transform pair with the numbers

The proof is given in Appendix A. Thanks to this result, we
compute (9) for every angle, as follows: we first convolve the
image as many times as the number of basis filters composing
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Fig. 2. Feature-adapted Radon transform diagram.

our filter . This number is typically very small ( ). On
each filtered image, we compute the pseudo-polar Fourier trans-
form and then, for each angle , we extract
the th column of each transform and combine them thanks to
Proposition 1. Finally, we perform 1-D inverse Fourier trans-
forms on each resulting series. All these steps can be performed
in . A graphical representation of the method is
depicted in Fig. 2.

C. Extension to Feature-Adapted Beamlet Transform

As we have discussed in Section I, Radon transform is not
adapted to represent segments since it only gives information
on lines passing through the whole image domain. We suggest
that Beamlet transform is a good tool to represent segments. In
[7], we used a technique akin to the one presented here, in that
we embedded a profile that is represented by a steerable filter
into the Beamlet transform. A two-scale recursion technique in
order to compute beamlet coefficients was used, where beamlets
at a given scale can be obtained by the combination of beamlets
coefficients computed at smaller scales. While this strategy is
quite fast, it introduces a number of numerical approximations,
as it has been pointed out in [9]. Besides, we propose that the
feature-adapted beamlet transform can be computed thanks to
the method presented in paragraph Section II-B2. Notice that the
set of orientations implicitly defined by the beamlet set in [23]
exactly matches the ’s defined throughout this section. Hence,
the Feature-adapted Radon transform can be applied on every
dyadic square that partitions the image domain to compute the
feature-adapted beamlet transform (FABT). Fig. 3 summarizes
the algorithm. Notice that either the set of all scales and the set
of all dyadic squares are computed independently. It allows ex-
tensive use of grid computation in order to dispatch calculations
on multiple processors. The number of beamlet coefficient is ex-
actly .

III. STATISTICALLY CONTROLLED DETECTION OF

CURVILINEAR OBJETS

Feature-adapted beamlet transform has been successfully
used in filament detection algorithms [6]. A typical detection
process based on such transform can be described as follows:

Fig. 3. Feature-adapted beamlet transform algorithm.

Fig. 4. Workflow of a curvilinear object detection process using fea-
ture-adapted beamlet transform.

1) compute the feature-adapted beamlet transform of the image,
2) normalize beamlet coefficients, 3) threshold coefficients,
and 4) put beamlets together (chaining) in order to get a list of
detected curvilinear objects (filaments, contours, etc.). These
steps are depicted in Fig. 4. Despite its robustness, that method-
ology does not provide real statistical control on the detections
and threshold value is usually hard to tune. To satisfy such
a statistical demand, we provide here three improvements to
our previous work: i) a normalization of beamlet coefficients,
ii) a novel energy-based algorithm to select beamlets, and
iii) a family of scale-dependent thresholds values on beamlet
coefficients. We detail all these improvements below.

A. Normalization of Coefficients

Our detection method relies on an a contrario approach, as-
suming the image is generated by a noise model only and struc-
tures to be detected represent large deviations of such a model.
Under the assumption that an image has been generated by a
Gaussian noise model, we derive the following result on the dis-
tribution of feature-adapted beamlet coefficients.
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Proposition 2: if are i.i.d. normal variables
where , then we have

with

where equals to 1 for all and

where is a Dirichlet kernel defined as
with . It follows that

The proof is given in appendix B. In order to normalize Feature-
adapted beamlet coefficients, we first estimate the noise param-
eters and , respectively from the median of [29] and from
the median absolute deviation of the Daubechies D8 wavelet co-
efficients at the finest scale [38]. This last step is justified since
the signal barely contributes to the wavelet coefficients at the
finest scale, assuming it is smooth enough on that wavelet sup-
port [38]. This variance estimation is fast since only the first
level of the wavelet decomposition is required. In a second step,
we compute for each scale , the maps and
for every Radon line thanks to Proposition 2. Finally, we
normalize each coefficient by its associated and .

B. Selection of Beamlets

In this section, we propose a cost function optimization for
the selection of a list of significant beamlets. It is based on a
multiscale coefficient thresholding technique taken from [21],
[28] so we refer the reader to these papers for more details. A
recursive dyadic partition (also called quadtree) of the image
domain is any partition, starting from the whole image domain,
obtained by recursively choosing between replacing any square
of the partition by its decomposition into four dyadic squares or
leaving it undivided. A beamlet-decorated partition is a re-
cursive dyadic partition in which each square is associated with
at most one beamlet. By construction, this decorated partition
provides a set of nonoverlapping beamlets. Fig. 5 shows an ex-
ample of such decorated partition.

In [23], authors have proposed to maximize a complexity pe-
nalized residual sum of square in order to select the list of sig-
nificant beamlets. In our notation, this energy may be written as
follows:

(10)

where is the portion of the image defined by square , nota-
tion stands for if 0, 0 otherwise and where

(11)

Fig. 5. Beamlet-decorated partition of the image domain.

Equation (10) measures the energy required to model the region
of the image by the beamlet and is a MDL-like cri-

teria that controls the complexity of the partition. A high value
of yields to a coarse representation of curvilinear structures
while a small value leads to a quite complex representation.
While a MDL criteria is satisfactory for image simplification
and compression, especially for curve coding [34], this behavior
is not desirable for detection purpose since it involves a biased
selection on scales and, therefore, on segment lengths. To over-
come this limitation, we propose to maximize over all recursive
dyadic partitions the following cost function:

if
otherwise

(12)
where stands for the subset of of all dyadic squares at scale

such as and is a family of scale-depen-
dent thresholds. Note that (12) can be solved efficiently by a re-
cursive tree-pruning algorithm due to additivity of the cost func-
tion (see [21] for complete details). This optimization process
is linear as function of the total number of beamlet coefficients,
and then it requires operations.

C. Choice of Scale-Dependent Thresholds

We provide a simple statistical test which allows us to de-
rive the ’s such that they statistically control the number of
false detections. We use an a contrario approach, where struc-
tures to be detected represent large deviations of a noise model.
As we pointed out in paragraph Section III-A, if image pixels

follow a normal distribution, we can derive the
distribution of beamlet coefficients. In order to find threshold
values controlling these coefficients, we define the following bi-
nary hypothesis test:

For a given quantile of false detection, choosing the null hy-
pothesis while is true corresponds to

(13)
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TABLE I
SCALE-DEPENDENT THRESHOLD VALUES FOR STATISTICAL

CONTROL OF BEAMLET COEFFICIENTS

Although Radon coefficients are not independent random vari-
ables, we choose to approximate the above equation as

(14)

(15)

(16)

where is the number of Radon coefficients for a
dyadic square of size . We solve this equation for several
quantiles 10%, 1%, 0.1% in order to exhibit values for
each scale ; Table I gives these values.

D. Chaining

This step allows us to obtain the list of curvilinear objects
from the list of meaningful beamlets. These segments are inde-
pendent from each other and need to be linked together in order
to obtain the final list of curvilinear objects. In this section, we
propose an algorithm to do so. This algorithm proceeds in two
steps: first, we chain basically horizontal segments on one hand,
and the basically vertical segments in the other hand. Secondly,
we merge these two sets of beamlet chains in order to get the
final list of curvilinear structures.

Since the number of beamlet coefficients after thresholding
may be quite large, a fast algorithm is needed to perform the
chaining. We propose an algorithm that requires
operations, where stands here for the number of beamlets.
Fig. 6 depicts the steps for basically horizontal segments; same
reasoning is applied to the complementary set of basically ver-
tical segments. The procedure consists in traversing the ordered
list of segments from the one with the smallest -coordinate to
the one with the largest -coordinate. If a segment which has
its left-hand extremity close enough to the right-hand extremity
of an already-built beamlet chain, this segment is appended to
that chain, otherwise, it is considered as a new chain. In order
to search rapidly in the set of chains, which chain is close to
a segment, we use a particular tree-based data structures, an
associative map [15], to store beamlet chains. This data struc-
ture can associate an object, a beamlet chain for instance, to a
key of real type, here, the -coordinate of the right-hand ex-
tremity of the chain. A search of an element into that kind of

Fig. 6. Chaining process of basically horizontal segments. � and � are user-
defined values controlling the accuracy of chaining.

Fig. 7. Average maximum beamlet coefficient in function of scale, computed
over a set of 100 simulated images at ��� � �5, 0, and 5 dB. Green bars
correspond to FABT coefficients, blue bars correspond to BT coefficient and
red dashed line stands for the ideal threshold.

structures of elements requires operations. Subse-
quently, the construction of the entire set of beamlet chains re-
quires operations.

Once both basically horizontal and vertical sets of beamlet
chains have been built, we merge them by looking for basically
horizontal chains that have their extremities close enough to
extremities of a basically vertical chain. Using the same data
structure described as above, the overall complexity of that step
is then equivalent to the previous steps complexity.

IV. RESULTS

A. Experiments on Simulated Images

In this section, we propose experiments on synthetic data
demonstrating substantial improvements of the FABT over the
classical Beamlet transform. These improvements concern both
good detection performance and angular accuracy. To simulate
images, we use the following parametric model: given a line seg-
ment , where is the vanishing width of the
segment, are the coordinates of the segment center, is
its angle with the -axis, the segment length, and its
mean intensity. Noise-free images are simulated using segment
model proposed in [47] and defined as

(17)
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Fig. 8. Simulated images of a line feature corrupted by additive Gaussian noise of unit variance. Amplitude of the line feature is defined such as ��� � �10,
0, and 10 dB (from left to right). The right most image is noise free.

Fig. 9. Edge detection: (top-left) image corrupted by Gaussian white noise � � ��. (Top-right) Result of using the proposed method using a Canny edge
filter and � � ����. (Bottom) Results at the same statistical level for the Canny edge detector (left) and the third-order edge detector (right).

where and and
is a Gaussian window of standard deviation . Additive

Gaussian noise of null mean and unit variance is then added to
produce images at various signal-to-noise ratio (SNR), defined
here as . Examples images are shown in
Fig. 7. Image size is 128 128.

In order to evaluate our feature-adapted beamlet transform
(FABT) and to compare it to the classical Beamlet transform
(BT), we proceed as follows: over a set of 100 simulated images
at a given SNR, for each image 1) compute BT/FABT, 2) nor-
malize beamlet coefficients, and 3) keep the maximum beamlet
coefficient for each scale. For these experiments, a second-order
ridge detector proposed in [35] has been used for filter .

1) Improving Good Detection Performance: we compare, for
each scale, the good detection performance, i.e., the intensity of
coefficients for the BT and FABT. Fig. 8 displays the average
maximum beamlet coefficient in function of scale at three dif-
ferent signal-to-noise ratios (from left to right, 5, 0,
and 5 dB). For every scale, the average maximum FABT co-
efficient (green bars) is always greater than the BT coefficient
(blue bars). When dB for example, taking the ideal
threshold as a reference (red dashed line), average
maximum FABT coefficient at scale 3 and 4 are significant,
while BT coefficients are not at same scales. This improvement
is mainly due to the filtering step embedded into the FABT, en-
hancing the linear feature while reducing noise impact.

2) Improving Angular Accuracy: We evaluate, for each scale,
the angular mean square error in radian between the maximum
beamlet’s orientation and the true orientation of the line seg-
ment. Fig. 9 displays the angular error for BT (blue bars) and
FABT coefficients (green bars) at 5, 0, and 5 dB (from
left to right). As we can see, the angular error made by FABT
is smaller than the one made by the BT. This behavior holds at
each scale.

B. Experiments on Real Data

1) Edge Detection: we test our method for edge detection on
the classical ”house” image and we compare the result with two
different edge detectors, namely, the Canny edge detector and
the third-order edge detector proposed in [35]. Fig. 10 shows re-
sults on a noisy image corrupted by Gaussian white noise with
standard deviation . In our method, the Canny edge
detector has been used for filter and we set the statistical level

. We also use the well-known Bresenham algorithm
to highlight pixels traversed by meaningful beamlets. For the
2 other edge detectors, we use a threshold value

, where is the Gaussian p-value for
and stands for the Canny filter and the third-order edge filter,
respectively. As expected, our method (top-right) is more ro-
bust to noise compared to the local edge detectors (bottom row).
This is essentially due to the fact that the statistical tests are per-
formed on segments of various lengths and not at the pixel level
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Fig. 10. Angular mean square error (radian) between maximum beamlet’s ori-
entation and the true orientation � of the line segment, in function of scale, com-
puted over a set of 100 simulated images ��� � �5, 0, and 5 dB. Green bars
correspond to FABT angular error, blue bars correspond to BT angular error.

Fig. 11. Detection of �-phage DNA molecules: original image (left), detection
(right).

only. Our method is also able to retrieve features, for example
most of the roof shadow lines, which are barely detected at pixel
level, even though the filter used in our method (Canny) is less
powerful than the third-order edge detector (bottom-right). Im-
proved results could certainly be achieved by incorporating this
third-order filter in our method.

2) Ridge Detection: an interesting domain of application,
where the motivation of this work finds its origin, is the detec-
tion of filaments in fluorescent microscopy. In this framework,
images can be very noisy and the detection of filament may be
difficult. We test our method on the detection of two kinds of
biological structures and we give some qualitative results.

A typical image of stretched DNA molecules of -phage is
depicted in Fig. 11, where filaments are labelled and observed
thanks to standard fluorescent microscopy. We can see that our
methodology is adapted to detect linear structures as well as
curvilinear ones. Moreover, even if filament intensity fluctuates
along the filaments, being quite low at some points for instance,
our method is able to fill these gaps.

Fig. 12. Detection of full-length microtubules during interphase at � � 24 s,
32, 48, and 76 s. Right column shows the detection after chaining step. Each
filament is labeled by a single color.

We also test our detection method on a sequence of growing
microtubules during interphase. The beamlet chaining step (al-
gorithm 6) has been slightly modified in order to be adapted for
microtubules images. As shown in Fig. 12, the centrosome, from
which microtubules grow and shrink, is a huge bright spot for
which location is easy to estimate. Then, thanks to that position,
we convert beamlet coordinates into polar coordinate system be-
fore sorting beamlets, according to their radial coordinate. The
rest of the algorithm is left unchanged. Each filament is labeled
by a single color.

V. DISCUSSION

In this paper, we have proposed a statistical detection frame-
work for detecting features running along lines or piecewise
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constant curves. This method relies on the feature-adapted
beamlet transform (FABT). It allows to incorporate line profile
information into the classical Beamlet transform introduced
by Donoho et al. [23]. FABT is able to incorporate common
image features like edges or ridges as well as any kind of 2-D
features that can be designed by a priori knowledge. This new
transform is achieved thanks to the combination of a multiscale
dictionary, the beamlet set, and some linear feature detectors
mechanisms. If the desired feature detector is chosen to be-
long to the class of steerable filters, the FABT only requires

operations, where is the number of
pixels, and can be easily dispatched on a parallel machine.

We may notice that the proposed FABT, when is chosen as a
ridge detector, is very close to the multiscale ridgelet transform
introduced by Candès [12]. Multiscale ridgelet is a pyramid of
analyzing elements which consists of ridgelets transported to a
wide range of dyadic scales and locations; each oriented element
supports a ridge function in its transverse direction. However,
some differences subsist; we point out that they mainly come
from the fact that ridgelet transform has been designed for image
representation and, therefore, will not be well suited for specific
detection purposes. First, the central element to represent ridges
in the ridgelet transform is achieved by wavelet decomposition;
it provides a set of elements of different widths. This decompo-
sition is not performed in the FABT since the width of element,
for which the feature detector is designed to detect, is fixed.
We suggest that in case we have some a priori knowledge about
the width of curvilinear objects we are looking for (for instance,
this is mostly the case in biological images where objects have
sub-resolutive width), this decomposition is not required. More-
over, the wavelet decomposition is dyadic and then, cannot op-
timally fit the object’s width in a single scale. The second main
difference between multiscale ridgelet transform and the FABT
is the general shape of basis elements. The ridgelet transform
applies a 1-D wavelet transform on Radon lines, which yields an
atom which looks like a tunnel detector, with truncated extremi-
ties. In our case, a feature-adapted beamlet corresponds to a real
segment detector, with smooth vanishing extremities along and
across the ridge. This is due to the fact that our definition of fea-
tures is already in 2-D. We suggest that this 2-D definition fits
better to curvilinear objects found in real images.

In this paper, FABT has been embedded into a general
framework for curvilinear objects detection with a statistical
control over false detections. To satisfy that statistical demand,
we propose a simple algorithm in four steps: 1) compute the
FABT, 2) normalize beamlet coefficients, 3) select meaningful
beamlets thanks to a fast energy-based minimization, and
4) put beamlets together in order to get a list of detected
curves. We provide a validation of the proposed method on
synthetic images as well as detection experiments on real data,
demonstrating the substantial improvement of our method over
classical feature detectors.

Based on the presented work, several improvements may be
considered. For instance, we point out that the implementation
of the Feature-adapted Radon transform could be improved
and accelerated. In our current implementation, the number
of pseudo-polar Fourier transforms that have to be performed
depends on the number of basis filters composing filter . If this

number is large, the overall process may be slow. As Fig. 2 has
shown, each process around pseudo-polar Fourier transforms
is a linear operation; if we make the analogy with classical
Fourier transform and the use of the convolution theorem, these
processes could be performed within a single pseudo-polar
Fourier transform. Unfortunately, the convolution theorem does
not hold for the pseudo-polar Fourier transform since it involves
in one of the dimensions the fractional Fourier transform, for
which the convolution theorem is not that simple. However,
several works address that problem [26], [44] which should be
further investigated.

Finally, we point out that the detection of filament junctions
could certainly be improved. Like with many methods based on
linear ridge filtering, junctions may not be well detected by our
method and one branch of the junction is favored. Indeed, as can
be seen in Fig. 12, the filtering step does yield partial detection
of branches only, while one would expect that filament junc-
tions be detected by a decomposition into many small squares
(see Fig. 5). To overcome this limitation and properly detect
branches, corners and crossings, one solution could be to use
the multisteerable filters introduced in [39]. This will be inves-
tigated in future work.

APPENDIX A
PROOF OF PROPOSITION 1

In order to prove Proposition 1, a detailed presentation of
the pseudo-polar Fourier transform is needed. The pseudo-polar
Fourier transform proceeds in two stages: It first computes the
regular Fourier transform of the image on the cartesian grid

, for . Secondly, for each
row , it applies the following operator:

where is the 1-D fractional Fourier transform [5] with
. This operator takes a series of values and provides

values which correspond to the th row of the pseudo-polar
Fourier transform (see [3] for complete details). Then, for a
given angle , we first compute the 2-D Fourier transform of

with . We extract the th row and apply ,
which results in the following series of numbers

where stands for the th column and is the 1-D Fourier
transform applied on columns. If is selected to be within the
class of steerable filters, we can rewrite the previous equation
using (6)
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Due to the linearity of the operators and , it yields to

where is the th row of the pseudo-polar Fourier
transform computed on . This completes the proof.

APPENDIX B
PROOF OF PROPOSITION 2

Using the property of linearity of Gaussian vectors, if an
image is a set of i.i.d. random variables following the normal
distribution , we have

where and are respectively the -norm and the
-norm of . From [4], we have

where is a Dirichlet kernel defined as
with . Given a

random vector defined as ... with

mean vector
... and variance co-vari-

ance matrix . . . , we define

as a random variable , where

... . is following a normal

distribution of mean and variance . Consequently

(18)

Applying the same reasoning on , we deduce

with

where equals to 1 for every and
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